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Abstract 

For a finite subgroup G C SL(3, C), Bridgeland, King and Reid proved 
that the moduli space of G-clusters is a crepant resolution of the quotient 
C 3 /G. This paper considers the moduli spaces Me, introduced by Kron- 
heimer and further studied by Sardo Infirri, which coincide with G-Hilb 
for a particular choice of GIT parameter 6. For G Abelian, we prove that 
every projective crepant resolution of C 3 /G is isomorphic to Me for some 
parameter 8. The key step is the description of GIT chambers in terms 
of the A'-theory of the moduli space via the appropriate Fourier-Mukai 
transform. We also uncover explicit equivalences between the derived 
categories of moduli Me for parameters lying in adjacent GIT chambers. 
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1 Introduction 

For a finite subgroup G C SL(3,C), write G-Hilb for the Hilbert scheme 
parametrising G-clusters in C 3 , i.e., the scheme parametrising G-invariant sub¬ 
schemes Z C C 3 of dimension zero with global sections H°(Oz ) isomorphic as 
a C[G]-module to the regular representation of G. Nakamura [NakOO] proved 
that G-Hilb is a crepant resolution of C 3 /G when G is Abelian and conjectured 
that the same holds for all finite subgroups G C SL(3,C). Bridgeland, King 
and Reid [BKR01] subsequently proved the conjecture by establishing an equiv¬ 
alence of derived categories $: D(Y) —> D G (C 3 ), where D(Y ) and D G ( C 3 ) 
are the bounded derived categories of coherent sheaves on Y = G-Hilb and 
G-equivariant coherent sheaves on C 3 respectively. 

This article generalises the notion of G-cluster. For a finite subgroup G C 
GL(n, C), a G-constellation is a G-equivariant coherent sheaf F on C” with 
global sections H°(F) isomorphic as a C[G]-module to the regular representation 
R of G. Set 

e := { 0 G Hom z (R(G), Q) | 9(R) = 0 }, 

where R(G) is the representation ring of G. For 9 € 0, a G-constellation F 
is said to be 9-stable (or 9-semistable ) if every proper G-equivariant coherent 
subsheaf 0 C E C F satisfies 9(E) > 0 (or 9(E) > 0). We construct moduli 
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spaces Me of 0-stable G-constellations and Me of 0-semistable G-constellations 
using geometric invariant theory (GIT). For generic 0, the moduli Me depends 
only upon the (open) GIT chamber G C 0 containing 0 G 0, so we write Me 
in place of Me for any 0 C G. 

These moduli spaces have appeared before under the guise of moduli of rep¬ 
resentations of the McKay quiver. The hyperkahler quotient construction by 
Kronheimer [Kro89] for G C SL(2, C) was generalised using geometric invariant 
theory (GIT) by Sardo Infirri [SI96]. The notion of stability for quiver rep¬ 
resentations was introduced by King [Kin94], where it was shown that quiver 
stability coincides with the notion of stability occuring in the GIT construction 
of [SI96]. Thus, Me and Me are examples of the type introduced by King. 
More recently, these moduli have appeared in the physics literature as moduli 
of DO-branes on the orbifold C n /G, see Douglas et. al. [DM96, DGM97]. 

Our interest in these moduli spaces begins with the observation by Ito and 
Nakajima [INOO] that G-Hilb = Mc 0 for some chamber Go C 0, i.e., there is a 
crepant resolution Mc 0 —> C 3 /G for G C SL(3,C). More generally, the method 
of [BKR01] shows that for every chamber G C 0 there is an equivalence of 
derived categories 4>c: D{Mc) —> D G (C 3 ) and a crepant resolution r: Me —> 
C 3 /G (see §2.4). It is therefore natural to ask whether every (projective) crepant 
resolution may be realised as a moduli space Me for some chamber G. The 
main result of this paper answers this question affirmatively in the Abelian case: 

Theorem 1.1. For a finite Abelian subgroup G C SL(3,C), suppose Y — > C 3 /G 
is a projective crepant resolution. Then Y = Me for some chamber C C 0. 

Since every projective crepant resolution is obtained by a finite sequence of 
flops from Mc 0 = G-Hilb, it is enough to show that if Y = Me for some 
chamber G then for any flop Y' of Y there is a chamber C' (not necessarily 
adjacent to G) such that Me — Y'. 

We now review the key elements in more detail. The first step is to under¬ 
stand the walls of chambers in 0 in terms of Fourier- Mukai transforms. The 
derived equivalence induces a Z-linear isomorphism ipe : Kq(Mc) —■► R(G) 
between the Grothendieck group of coherent sheaves supported on r 3 (0) and 
the representation ring. The pairing between K{Mc) and K 0 (Mc) is perfect 
so p* c : Homz(l?(G),Q) —> K(Mc)q is an isomorphism. The restriction of p* c 
to the subspace 0 C Homz(I?(G), Q) has image equal to F 1 C A"(A4c)q, where 
F l C K(Mc)q denotes the subspace spanned by sheaves with support of codi¬ 
mension at least i. The quotient F 1 /F 2 is isomorphic to Pic(A4c)Q, so we have 
three sides of the following commutative diagram: 

0 -^ 2 — F 1 

Lc P 

Pic(K) Q F 1 /F 2 

The map Lc that completes the diagram (see §3.2 for the construction) sends 
a parameter 0 G G to the ample fractional line bundle Gx e ( 1) on Me = Y 
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canonically derived in the GIT construction of Mq. In particular, Lc(C) lies 
inside the ample cone Arnp(T) C Pic(T)dj. The inequalities defining the ample 
cone lift to give inequalities of the form 

9(ipc(Oe)) > 0 for exceptional curves £ C Y 

that are satisfied by each 9 £ C. Some of these inequalities may be redundant, 
otherwise they determine walls of ‘type I’ or ‘type II’ (this means that the wall 
determines a birational contraction of type I or IH from Me, see Definition 3.4). 
In contrast to the two-dimensional case, there are additional walls of C that do 
not arise as lifts of walls from the ample cone. These walls can also be described 
in terms of the Fourier-Mukai transform using the tautological bundles {7Z P } 
(see §2.1 for the definition). Theorem 5.9 asserts that C is determined by the 
inequalities coming from the ample cone together with inequalities of the form 

ditpciKp 1 0 ui D )) < 0 and 0(ip c (Up^D)) > 0 

for every compact divisor D and irreducible representation p. Many of these 
inequalities are redundant, but those that are not determine walls of ‘type O’. 

The second main step is to understand how the moduli Me, their tauto¬ 
logical bundles IZc and the Fourier- Mukai transforms $<7 change as 9 passes 
through a wall from C to an adjacent chamber C'. The description of chambers 
in terms of Fourier-Mukai transforms leads to the following result (see §7): 

Theorem 1 . 2 . Let C and C' be adjacent chambers in 0 with W = C nC'. 
Then the relation between the moduli spaces Me, Me and the explicit form of 
the derived equivalence 


o : D(M C ) D(Mc) 


is determined by the type of the wall W: 

Type 0 : Me is isomorphic to Me 1 and the derived equivalence o <f>c> is a 
Seidel-Thomas twist [ST01] (up to a tensor product with a line bundle). 

Type I: Me is a flop of Me and o $<7 is the induced derived equivalence 
described by Bondal-Orlov [B095, §5/. 

Type H: Me is isomorphic to Me and o4>c is an EZ-transformation of 
Horja-Szendroi [HorOl, SzeOl] (up to a tensor product with a line bundle). 

As Horja [HorOl, §4.1] observes, both types of derived self-equivalence listed 
here are EZ-transformations (up to a tensor product with a line bundle). It 
would be interesting to discover the extent to which these transformations de¬ 
termine the group of self-equivalences of the derived category of Me (together 
with shifts, automorphisms of Me and tensoring by line bundles). 

To prove Theorem 1.1 we start from a chamber C and change the parameter 
so that the projection p£ F 1 /F 2 moves towards the desired boundary 
of the ample cone of Y = Me- If C does not have the appropriate wall of type 
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I we pass into an adjacent chamber C\ separated from G by a wall of type 0. A 
property of Seidel-Thomas twists reveals that <fic(C) and < p* c (Gi) are adjacent 
cones in F 1 , modulo F 2 . We proceed in this way towards the desired wall of the 
ample cone. The main result of §8 establishes that after crossing finitely many 
walls of type 0 we reach a chamber C n defining Y with the desired wall of type I. 
Thus, by crossing the wall we induce the desired flop Y = Me —+ Me = Y'. 

One consequence of Theorem 1.1 is that every crepant resolution of C 3 /G 
comes armed with tautological bundles, so G-Hilb is no longer distinguished 
in this sense. This should be a comfort to 3-folclers: no one minimal model 
should be privileged above all others. Nevertheless, the chamber Go defining 
G-Hilb = Mc 0 enjoys several very nice properties as we show in §9. For 
example, every birational contraction of type I or IH from G-Hilb is achieved 
by crossing a wall of Go; this is false in general, see Example 9.13. Moreover, 
an inequality of the form 9(ipc 0 (R-p x |d)) > 0 is a type 0 wall of Go if and 
only if D is compact irreducible divisor and p marks D according to Reid’s 
recipe [Rei97, CraOO]. 

The commutative square described above exists without the assumption 
that G is Abelian, so our approach may generalise to all finite subgroups G C 
SL(3,C). However, we use the Abelian assumption at several stages: 

• The decomposition R = Ri © i? 2 of the regular representation into sub 
and quotient representations is uniquely determined by a wall. 

• The reducedness of the fibre r _1 (0) in Lemma 5.7 and Corollary 5.8, and 
the reducedness in Lemma 4.5. 

• The rigidity result of §10. This is essential for describing walls of type 0 
in terms of Fourier-Mukai transforms. 

Conventions If W and p are representations of G with p irreducible, we write 
p C W whenever Hom< 3 (p, W) ^ 0. The terms ‘G-sheaf’ or ‘G-equivariant 
sheaf’ on C" are shorthand for a sheaf on C" with a compatible G-action as in 
[BKR01, §4], 

Acknowledgements The authors wish to thank H. Nakajima and M. Reid 
for introducing them to this problem. Sincere thanks also to A. King and 
T. Logvinenko for many useful discussions, and to the Isaac Newton Institute 
for their hospitality while part of this paper was written. 


2 Moduli of G-constellations 

This section discusses the moduli spaces Mg of 0-stable G-constellations for a 
finite subgroup G C GL(n, C), generalising the moduli space of G-clusters. We 
also introduce the Fourier-Mukai transform : D(Mg ) —> D G (C n ) that plays 
a key role in this paper. In the special case G C SL(n, C) with n = 2, 3 and 
for a generic choice of the GIT parameter 0, the method of Bridgeland, King 
and Reid [BKR01] shows that Mg is a crepant resolution of C n /G and <I>6> is an 
equivalence. This generalisation was well known to those authors. 
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2.1 Construction of the moduli M. e 

For a finite subgroup G C GL(n, C), write Irr(G) for the set of equivalence 
classes of irreducible representations of G. Let R = ©^girr(G)-R P © P denote the 
regular representation of G and R(G) = © p gi rr (G)^ ' P the representation ring. 

Definition 2.1. A G-constellation is a G-equivariant coherent sheaf F on C" 
such that H°(F) is isomorphic as a C[G]-module to R. Set 

B := { d G Hom z (R(G), Q) | 9(R) = 0 }. 

For 9 G 0, a G-constcllation is said to be 9-stable if every proper G-equivariant 
coherent subsheaf 0 C E c F satisfies 9(E) > 0, i.e., 9(H°(E)) > 0 = 9(H a (F)). 
The notion of 9-semistable is the same with > replacing >. 

We consider moduli spaces Mg of 0-stable G-constcllations and Mg of 0- 
semistable G-constcllations. The above definition of stability is a direct trans¬ 
lation of that for quiver representations introduced by King [Kin94] into the 
language of sheaves on C" via the observation by Ito-Nakajima [IN00, §3]. We 
now recall the GIT construction of the moduli spaces (compare [SI96]). It is 
convenient to set V = C n . Consider the affine scheme 

Af = { B G Homq G ] (R, V®R)\B/\B = 0}, 

where BAB lies in Homq G i (R, /\ 2 V <g> R). Each map B G Af determines 
an action of V* on R and the condition B A B = 0 ensures this action is 
commutative. In this way, B endows R with a C[K]-module structure, where 
C[K] = ®£° = oSym fc Cn is the polynomial ring of functions on V. Thus B 
determines a G-constellation on V. 

Denote by Autqc?](-R) C GL(1?) the group of G-equivariant automorphisms 
of R. It decomposes as Autqq (/?) = ripgirr(G) GL(R p ). This group acts on 
A f by conjugation and the diagonal scalar subgroup C* acts trivially, leaving a 
faithful action of 

PAutq G ](-R) := Autqcj (R)/C* 

on A f by conjugation. Let 9 € Homz(-R(G),Z) satisfy 9(R) = 0. Then 9 
determines a character \e of PAutqc] (R) mapping [(g p ) p ] to ]~[ p det( ffp ) e ^ G 
C*. This character determines a linearisation of the trivial line bundle on TV". 
We denote by 

Mg:= Ae/PAutqc] (-R) and Mg := JJg / PAut c[G ] (i?) 

the geometric and categorical quotients of the open subsets A fg and Afg of te¬ 
stable and xe-semistable points of Af. King’s result (which holds in a more 
general context) asserts that Mg and Mg are equivalently the moduli spaces 
of 0-stable and 0-semistable G-constcllations respectively. There is an isomor¬ 
phism Mke = Mg for k G Z>o, so Mg is well defined even for parameters 
0 G Homz(i?(G),Q), i.e., for 0 G 0. 
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To let R <8> Ojg and the universal homomorphism R (g> Ojy —> V <8> R ® Ojy 
on AT descend to Mg, we have to determine an equivariant PAutq G i (-R)-action 
on R ® Ojy. Define a subgroup 

Autq G] (i?) = { n pe irr(G)(^) € Aut C[ G](-R) | 9 P0 = 1 } 

of Autqc] (R)j where po is the trivial representation and hence dimi? Po = 1. 
Then the projection gives an isomorphism Autq G j(i?) —+ PAutq G ](77). On the 
other hand, Autq G i(iZ) has a natural equivariant action on i?® Ojg . Descent 
theory of coherent sheaves for a faithfully flat morphism (see [Gro71, VIII]) 
implies that R®Ojy and R p ® Ojy descend to locally free sheaves TZ:= TZg and 
Tip := {IZe) P respectively on Me such that TZ = © p girr(G)^- P © P- Moreover, we 
have a homomorphism TZ —> V ® TZ determining the universal G-constellation 
Uq on Me x C". Note by the definition of Autq G ](-R) that the line bundle 1Z P0 
is trivial. 

2.2 The morphism to A" = C n /G 

A parameter 9 € O is generic if every 0-semistable G-constellation is 0-stable. 

Proposition 2.2. The moduli spaces and the singularity X = <C n /G are related 
in the following way. 

1. There is a closed immersion X —> Mo such that an orbit G ■ x is mapped 
to the class of G-constellations whose support is G ■ x. This makes X an 
irreducible component of Mo- 

2. There is a morphism r: Me —> X that associates a G-constellation to its 
support. If 6 is generic then this morphism is projective. 

Proof. The morphism G x C" C" x C" sending (g , x) to (g ■ x, x) is G- 
equivariant with respect to the action of G on the first factor, so the second 
projection makes C[G] (g> Oc n into a flat family of G-constellations parametrised 
by C n . Since every G-constellation is O-semistable and since Mo corepresents 
the moduli functor (see Huybrechts and Lehn [HL97]), this family gives rise to 
a morphism C" —» Mo which is G-equivariant with respect to the trivial action 
of G on Mo, and hence to a morphism X —> Mo- To see that this is a closed 
immersion, consider the morphism from Mo to the G-fixed part (S# G (C n )) G of 
the symmetric product of C”, similar to [HL97, Example 4.3.6]. Now, X is the 
Chow quotient of C" by G in the sense of Kapranov [Kap93, Theorem 0.4.3], 
so the composite morphism X —> (S' #G (C”)) G , and hence also X —» Mo, is a 
closed immersion. 

Since X is affine, the morphism r in the second assertion is determined by 
a ring homomorphism H°(Ox) —■> H°{Gm s ) that we now construct. Given a 
G-invariant polynomial /, multiplication by 7r£„/ determines an endomophism 
of the universal G-constellation Ug on Mg x C". Since Ug is a flat family of 
0-stable G-constellations, the base change theorem for G-Ext gives rise to an 
isomorphism TTM 9 *(G-Hom.o MgXCn {Gg,Ue)) — It follows that 7r^„/ G 
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G-Homo^ c „ (Ug, Ug) determines a function on Mg as required. If van¬ 
ishes on the support of a G-constellation F then multiplication by / determines 
a noninvertible endomorphism of F. But this must be zero by the stability of F, 
so [F] £ Mg is mapped to the support of F. Thus we obtain the set-theoretic 
description of r. Moreover, the diagram 

Mg - > Mg 

I i 

X -♦ Mo 

is set-theoretically commutative. The right-hand vertical arrow in this diagram 
is a projective morphism (see, for example, King [Kin94, §2]). If 9 is generic 
then the top horizontal arrow is an isomorphism, so Mg is projective over Mo 
and hence over the irreducible component X via the morphism r. □ 

Remark 2.3. If G acts freely outside the origin then the morphisms X —> Mo 
and ~Mq —> (S# G (C n )) G are bijective as maps of sets. Otherwise, Mo has an ir¬ 
reducible component other than X because the support of a G-constellation can 
be more than one orbit. Furthermore, (S# G (C n )) G can have more components 
consisting of the supports of G-sheaves that are not G-constellations. 

2.3 The moduli space of G-clusters 

Recall that a G-cluster is a G-invariant subscheme Z C C” of dimension zero 
with global sections H°(Oz) isomorphic as a C[G]-module to the regular rep¬ 
resentation R of G. Write G-Hilb (C ra ), or simply G-Hilb, for the moduli space 
of G-clusters. 

Ito and Nakajima [INOO, §3] observed that G-Hilb is isomorphic to Mg for 
parameters 6 in the cone 

0 + := {0 e 0 I @(p) >0ifp^po}. (2.1) 

To see this, let F be a 0-stable G-constellation for 8 £ 0 + . No proper submod¬ 
ule of F contains the trivial representation so F is a cyclic Gc n_m °dule with 
generator p 0: hence F = Oz for some Z € G-Hilb as required. Note also that 
the fibre of the bundle 1Z = tt*Oz over a point Z £ G-Hilb is H°(Oz)- 

Remark 2.4. In general, G-Hilb = Mg for a set (in fact a cone) of parameters 
that strictly contains 0+, see Example 9.6 

2.4 Fourier—Mukai transforms 

Set Y = Mg for some 6 G 0. The morphism introduced in Proposition 2.2 fits 
into the following commutative diagram: 
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Y x C n 



Y C" 





The tautological bundle TZ on Y satisfies 1Z = ny JAg = ® P (TZ P ® p), where 
Ug is the universal G-constcllation on Y x C™. Let D(Y) and D G (C n ) denote the 
bounded derived categories of coherent sheaves on Y and G-equivariant coherent 
sheaves on C" respectively. Consider the functor : D{Y ) —* D G (C n ) defined 
by 

$«(-) = Rt T Cn *(Ug 0 tt f *(- ® po)). 

We repeatedly use the following formula to calculate (we sometimes abuse 
notation and omit 7 r* from the left hand side): 

7r*$g(—) = 0 1Z) = 0 iP(— 0 TZ P ) ® p. (2.2) 

pelrr(G) 


The method of Bridgeland, King and Reid [BKR01] generalises to prove the 
following result. 

Theorem 2.5. Let G C SL(3,C) be a finite subgroup. If 9 is generic then 
t: Aig —> X is a crepant resolution and $0 is an equivalence of triangulated 
categories. 

The (quasi-)inverse : D G (C 3 ) —> D(Y) given by 

$ e ~ 1 (-) = [R7r F ,(^ v [3]0^ C 3*(-))] G , 
where Uf denotes the derived dual RHomo 3 {lie, Gy x c 3 )- Then 

%\p®O c 3 ) = [(R7r r *(G, v [3])) 0 pf * (ft v 0 pf = IZ v p . 

Equivalently, we have <&g{TZX) = p ® Gc 3 - 

The restriction of d>6> to the full subcategory of D(Y) consisting of objects 
supported on the subscheme t _1 (7t(0)) induces an isomorphism between the 
Grothendieck group K 0 (Y) of coherent sheaves supported on t -1 (7t(0)) and the 
Grothendieck group K G (C 3 ) of G-equivariant coherent sheaves on C 3 supported 
at the origin. Thus, just as in [BKR01, §9], we obtain an isomorphism 

Pe : Kq{Y) —► K g (C 3 ). (2.3) 

The equivalence $0 also induces an isomorphism K(Y) —> K G (C 3 ). Since 
$e(7 Zp) = p® Gc 3 , the tautological bundles 7 Z p form a Z-basis of K(Y). The 
notation ipg (and ipc later, see §5.1) will always denote the isomorphism (2.3). 
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2.5 Symmetries of 0 

The parameter space 0 and the moduli spaces admit the following symmetries. 

Lemma 2.6. (i) Fix a one-dimensional representation a G Irr(G) and define 

9' G 0 by 9'(p) := 9(up). Then Mg> = Mg, and the pushforeuard of the 
universal G-constellation to Mg' is ®p{fR. pt , 0 Fff 1 0 p). The Fourier- 
Mukai functors are related by &g'(a) = a 0 0 a). 

(ii) Define 9' G 0 by 9'(p) := —9(p*). Then Mg' = Mg and the pushforward 
of the universal G-constellation to Mg' is ® p lV J p » 0p. The Fourier-Mukai 
functors are related by $e'(a) = d>e(a v ) v . 

Proof. For (i), the isomorphism is induced by the map F i—> F 0c u*. The 
universal G-constellation for 9' is Ug 0 7Ty (TZ ~ 1 ) 0c <J* , where Ug is the universal 
G-constellation for 9 (the term IZf 1 appears because of our normalisation of 
the universal family). This implies the statements for the tautological bundles 
and the Fourier-Mukai transforms in (i). As for (ii), the isomorphism is in¬ 
duced by the map F > F v [3] = Ext^ 0 ^ 3 {F, Gc 3 )- The universal G-constellation 
for 9' is Ug[3] = £xt 3 OY ^ 3 (Ug,0 MeX &). Grothendieck duality for 7r y gives 
^*(^[3]) = ( 7 TyMeY■ This establishes the statement for the tautological 
bundles. Grothendieck duality for 7Tc3 gives 

$g'(a) = R.7TC3 * (Ug [3] 0 7Ty(a0p o )) = (R7r C 3^(G e 0 7Ty(a v 0p o ))) V - 
This proves the final statement. □ 

3 Classifying walls in 0 

This section defines and classifies the walls of the parameter space 0 for a 
finite subgroup G C SL(3,C). The contraction morphism determined by a 
wall crossing and the unstable locus of a wall crossing are defined under the 
additional assumption that G is Abelian. 

3.1 Chambers and walls in 0 

Lemma 3.1. The subset Q gen C 0 of generic parameters is open and dense. 
It is the disjoint union of finitely many open convex polyhedral cones in 0. 

Proof. Let 9 be generic and put 

G = { 77 G 0 | every 0-stable G-constellation is ^-stable } 

p(F) > 0 for every nontrivial subsheaf 
F of every 0-stable G-constellation 

This is a convex polyhedral cone. We claim that every 77 G G is generic and 
every 77 -stable G-constellation is 0-stable. Indeed, if 77 G G, then M rj contains 
Mg as an open set by definition. Then Mg must be a connected component of 
M v , so the arguments in [BKR01, §8] imply that Mg = M v - □ 
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Definition 3.2. A chamber in 0 is a convex polyhedral cone G as in the above 
lennna. A codinrension-one face W of G is a wall of G. Write Me, Tic and 
Uc for the moduli space Mg, the tautological bundle Tig and the universal 
G-constellation Ug respectively, for any 9 £ C. 

3.2 Classification of walls 

Let 9, 6' £ 0 be generic parameters and C, C' the chambers containing them. 
Assume that if we put 9 t = |(1 — t)6 + ^(1 + 1)9', then 9 t £ C' when 0 < t < 1 
and 9 t £ C when — 1 < t < 0. We are interested in the case where G and C' are 
adjacent chambers that share a wall. To simplify notation, we write 

7 Z = ^ 1Z P <g> p and 7 Z' = ^ TZ' p (g> p 

pelrr(G) pSlrr(G) 


for 1Z = Tic and TZ' = TZc ■ For any r\ £ 0, the (fractional) line bundles 
L c (ri):= (det TZ p ) 1l{p) and L C '{v) ■= (^) (det TZ'p)' l{p) 

pelrr(G) pSlrr(G) 

are the descendents of the restrictions of Oj^ linearised by rj. In particular, 
Lc{9) and Le(9') are the ample line bundles Om 6 (1) an d Om 9 i (1) respectively, 
canonically constructed by GIT. There is also a (fractional) ample line bundle 
L o = on M 0o- 

Since the tautological bundles TZ P generate I\(Mc), their first Chern classes 
generate Pic(Atc) so the map Lc : 0 —*• Pic(Adc)Q is surjective. The following 
lennna holds in a more general situation, see Thaddeus [Tha96]. 

Lemma 3.3. Write f : Me —> Mg 0 and /': Me Mg 0 for the canonical 
morphisms. Then Lc{9o) — f*Lo and Lc{9) < g > Lc{9') = J*Lq 2 , so LciS')^ 1 
is f-ample. Moreover, if Lc(9 o) is ample on Me then f,f are injective and 
Me = Me- 

Proof. The first assertions follow from uniqueness of descendents for a faithfully 
flat morphism. Assume Lc(9q) is ample, so Lc{9') is ample. Then Lc{9 ')~ 1 is 
also /-ample and hence / must be finite. The fibre consists of G-constellations in 
the same S-equivalence class (see [HL97] for S-equivalence). Thus it is connected 
and therefore must be a single point. Since Me is also a crepant resolution, 
we obtain the result. □ 

Definition 3.4. If 9q is a general point in a wall W of G, we write contw for the 
morphism from Me onto (the normalisation of) its image under the morphism 
/: Me —> Mg 0 . Note that Mg 0 is not necessarily irreducible. 

The morphism contw is determined by Lc{9q). Since 9q lies in the closure 
of G, the line bundle Lc(9q) is nef. If Lc(9q) is in fact ample then contw is an 
isomorphism by Lemma 3.3. Otherwise Lc(9q) corresponds to a class on the 
boundary of the ample cone of Me and, since 9q is general in the wall W, this 
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class lies in the interior of a facet of the ample cone. Thus the corresponding 
contraction contw is primitive, i.e., it cannot be further factored into birational 
morphisms between normal varieties. 

Definition 3.5. The wall W is said to be of type 0, I, I, M as follows: 

• type 0 if contw is an isomorphism. 

• type I if contw contracts a curve to a point. 

• type I if contw contracts a divisor to a point. 

• type IH if contw contracts a divisor to a curve. 

Remark 3.6. The terminology ‘type I, I, HI’ is standard for 3-fold birational 
contractions, see Wilson [Wil92], Proposition 3.8 to follow asserts that type II 
walls do not exist. 

3.3 The fibre of contw 

Hereafter we assume G C SL(3,C) is a finite Abelian subgroup. Fix a chamber 
C, suppose 9 £ C and 0o is on a wall of C. Then there are nonzero representa¬ 
tions Ri , i ?2 of G such that 

(i) R == R\ © i? 2 ; and 

(ii) there exist 0o-semistable G-equivariant coherent sheaves S and Q that 
satisfy H°(S) = R\ and H°(Q) = R 2 as C[G]-modules, such that 9q(S) = 

0o(Q) = 0. 

Assume 9q is general in the wall so that it is not contained in two distinct 
hyperplanes in 0 defined by proper subrepresentations of R. Since G is Abelian, 
every irreducible representation is of multiplicity one in R and therefore R\ and 
R 2 are the only representations of G that can be embedded in R as proper 
subrepresentations with this property. In particular, both S and Q above are 
0o-stable. We assume without loss of generality that 9(S) = 9(Ri) > 0. 

Lemma 3.7. The fibre (with reduced structure) of the morphism contw over 
the point contw(-F) is isomorphic to P(G-Ext^ c3 (Q, £) v ). 

Proof. The fibre contw -1 (contw (F)) consists of G-constellatiions with the same 
S-equivalence class as F, where S-equivalence is considered with respect to 9q. 
Thus every G-constellation in the fibre is an extension of Q by S. Conversely, 
every such extension is 0-stable and the assertion is proved. □ 

Proposition 3.8. There are no walls of type I. 

Proof. Assume 0o is a general point of a type I wall of C. Suppose that a G- 
constellation F corresponds to a point on the contracted surface that lies on no 
toric curve, and that S C F is a subsheaf with 9q(S) = 0. Since contw contracts 
a surface to a point, we have dim G-Ext^ (F/S, S) = 3 by Lemma 3.7. This 
contradicts the technical result that we postpone to Proposition 10.6(i). □ 
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3.4 The unstable locus of a wall crossing 

We use the same notation and consider the same situation as in the previous 
subsection. The following lemma is straightforward. 

Lemma 3.9. Let F be a 9-stable G-constellation. Suppose there is a subsheaf 
S C F such that H°(S) = R\ as a C [G\-module. Then, we have the following. 

1. S and Q = F/S are 6 0 -stable and G-Hom^S 1 , Q) = 0. 

2. If S' C F has the same property then S' = S. 

We now introduce a natural scheme structure on the following subset of A ic- 

Z = {F e Me | 3 S C F such that H°(S) = Hi as a C[G]-module }. 

Let h: (Schemes over C) —> (Sets) be the functor such that h{T) is the set of 
/ € Hom(T, Me) such that there exists a quotient u: (/ x idc 3 )*U -» Qr flat 
over T with H°(Q t ) = R 2 ® k{t) for all t G T. 

Lemma 3.10. There exists a closed subscheme Z of Me representing the func¬ 
tor h. 

Proof. Define a functor h: (Schemes over C) —> (Sets) by 

h(T ) = {(/, v)\f G Horn (T,Mc) and v is a quotient as above}. 

Then h is represented by a closed subscheme Z of Grothendieck’s Quot-scheme 

Ouot dim R2 

^ Um U c /(M c xC 3 )/Mc 

of quotients of restrictions of the universal sheaf Ue to the fibres of Me x C 3 —> 
Me (see [Gro61]). The morphism Me x C 3 —» Me is nonprojective, but the 
restriction to the support of the universal sheaf Supp(Gc) G Mle ^ x C 3 is 
projective, so the above Quot scheme is well defined. Now, G acts on Uc and 
acts equivariantly on Me x C 3 (we give Me the trivial action of G), so G 
acts on the Quot scheme. Observe that Z is the union of several connected 
components of the G-fixed point locus and consists of quotients Q such that 
H°(Q) = i ?2 as a C[G]-module. 

The forgetful map (/, v) i—> / leads to a morphism Z —> Me- Part (2) of 
the above lemma shows that this morphism is injective as a map, while part 
(1) asserts that the tangent map is also injective. The structure morphism is 
therefore a closed embedding Z ^ Me and we obtain an isomorphism h —> 

h. □ 

Definition 3.11. The above subscheme Z is the unstable locus in Me defined 
by W. 

Remark 3.12. It will be shown in Propositions 5.5, 6.1 and 6.4 that the unstable 
locus Z is always connected. 
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Symmetrically, there is a closed subscheme Z' of Me such that 

Z' = { F' € Me | 3 S' C F' such that H°(S') = i? 2 as a C[G] -module}, 

Since both Me \ Z and Me \ Z’ parametrise G-constellations that are simul¬ 
taneously 0-stable and d'-stable, we have the following: 

Lemma 3.13. There is an isomorphism, Me \ Z = Me \ Z'. Furthermore, 
the restriction of the universal G-constellation Tie is isomorphic as a family of 
G-constellations to the restriction of lie- 

A consequence of Lemma 3.10 is the existence of a universal subsheaf S C 
Tic\z such that S and Q = (Jic\z)/S are locally free G^-modules. Similarly, 
there is a universal subsheaf S' C lie\Z' and quotient Q'. 


4 Crossing walls of type 0 

Throughout this section, G and C' denote chambers separated by a wall W of 
type 0. Recall that the moduli Me and Me 1 are isomorphic by Lemma 3.3. 
We investigate the unstable locus of the wall crossing and determine how the 
tautological bundles change as a parameter 6 crosses the wall W. 

4.1 Change of tautological bundles 

Proposition 4.1. For a wall of type 0, the unstable locus Z — Z' is a Cartier 
divisor that we denote D. 

Proof. It follows from Lemmas 3.3 and 3.13 that Z is set-theoretically identical 
to Z'. Assume that codim Z > 2. Then the universal homomorphism Tic —>► 
V <g> Tic and Tic are uniquely determined by their restrictions to Me \ Z. But 
this implies that the universal G-constellations on Me and Me are isomorphic 
to each other, contradicting the assumption that G ^ C'. Thus codim .Z = 1. 

Let 3 C Z be the union of the associated components of Z (i.e., the closures 
of the scheme-theoretic points determined by associated primes of Oz) whose 
codimensions are greater than 1. Let K. be the kernel of the surjection Tic —> Q, 
the composite of the restriction to Z and the obvious surjection. Since Z\3 is a 
Cartier divisor on Mc\5- 1C is torsion-free on Me and locally free on Me \ 3- 
An inverse elementary transformation (see Maruyama [Mar73]) establishes the 
following exact sequence of locally free sheaves on Z \ 3: 

o -*• Q|(Z\3) ® C, (X<7\3)( _ (-^ \ 3)) -*• 1C\(Z\3) <S|(Z\3) -*■ (4- 1 ) 

All of these sheaves are flat families of G-sheaves on C 3 . 

Take an arbitrary closed point z G Z \ 3- Let Spec A C Me be a zero¬ 
dimensional subscheme supported at z with the following property: the scheme 
theoretic intersection Spec AnZ is defined by a nonzero element £ £ A satisfying 
m e = 0 for m the maximal ideal of A. If we restrict (4.1) to z, we obtain a class e 


13 



in G-ExtJ) (S z , Q(—(Z\ 3) z ). As is well known (see [BF99, Proposition 7.14]), 
e is the obstruction class for the Quot-scheme, i.e., the class e is the obstruction 
to lifting the quotient IZc <8> A/(e) -» Q (g> A/(e) to a quotient of IZc <8> A, flat 
over A. The definition of Z as a scheme implies that we do not have such a 
lift and hence that e ^ 0. Then we can see that the nontrivial extension K, z is 
^'-stable. It follows that /C|(z\ 3 ) and hence £|(.Mc\ 3) are families of ^'-stable 
G-constellations. Therefore 7 C|(jk c \ 3 ) is isomorphic to 1Zc'®L\(McXS)' f° r some 
line bundle L. As a result, the double dual K,** is isomorphic to 7 Zc ® L. 

Assume 3 is nonempty and take a closed point j € 3- If 3 is not on an as¬ 
sociated component of Z of codimension-one then the dimension of the support 
of Q at 3 is at most one. Therefore ( K.**) i = (7Zc) } , but K'■** is also isomorphic 
to 7 Zc <8> L and hence {K.**) i is both 0- and ^'-stable. This contradicts the 
definition of Z , so we may assume 3 lies on an embedded component of Z . Let 
D C Z denote the Cartier divisor of A4c obtained from Z by removing the 
embedded components. Then we can argue as above by considering the surjec¬ 
tion IZc Q\d with kernel 1C**. The assumption that 3 lies on an embedded 
component of Z implies that the obstruction e must vanish, contradicting the 
^'-stability of (JC**) i . Thus, 3 = 0- □ 

Corollary 4.2. 1. If p 0 C R lt then S = Q! and S'(D ) := S' <g> Om c (D) = 

Q. Moreover, the tautological bundles IZc and 7 Zc are related by the 
following elementary transformation of vector bundles ([Mar73]): 

0 0 

1 i 

0 -> 5 -> 7Z c \d -> S\D) -> 0 

i I II 

0 -> TZc -> 7 Z c -* S'(D) -> 0 


IZc(-D) - IZc(-D) 

] ] 

0 0 

2. Otherwise, po C Ri, in which case S(D) = Q' and S' = Q, and we replace 
S'(D) by S' and 7 Zc by 7 Zc{—D) in the above diagram. 

Proof. The proof of the previous proposition showed K = 7 Zc < 8 > L and hence, 
by the normalisation 1Z' = Om c > that /C Po = L. By definition, tC Po is the 

kernel of 7Z Po —> Q Po , so L = Om c f° r Po Q Ri- This gives JC = 7 Zc if Po Q Ri- 
The proof that /C = IZc' (~D) if Po Q R 2 is similar. □ 

Corollary 4.3. The tautological line bundles 1Z P and 1Z' are related as follows. 
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1. p Q C R x ==>■ TZ' p = 7 Z p for p C R 1 and, Tip = 1l p (—D) for p C R 2 . 

2. pa C i? 2 => Tip = 1l p (D) for p C R 1 and Tl' p = 1Z P for p C R 2 . 

4.2 The unstable locus for a wall of type 0 

Let D denote the divisor that forms the unstable locus of a type 0 wall crossing. 

Proposition 4.4. The unstable locus D of a type 0 wall is compact. 

Proof. If D is noncompact then it contracts onto a curve £ C X. Take a nonzero 
point x £ n~ 1 (£) C C 3 . The stabiliser 44 of x is nontrivial. The category of 
finite length G-slieaves supported by the G-orbit G • x and the category of finite 
length 14-sheaves supported at x are equivalent as in [BKR01, Lemma 8.1]. 
Therefore G-constellations supported by G ■ x correspond to 44-constellations 
supported at x. Moreover, the map Og —> 0# of the stability-parameter spaces 
that is induced by the natural map ind^ : 44(44) —> 44(G ) is compatible with the 
above correspondence between G- and 44-constellations. Thus, we can replace 
G by 44 and thereby assume G fixes a nonzero x £ C 3 . Then G is a subgroup 
of SL(2,C) x Id c SL(3,C). 

Let E be a simple G-constellation. Then Supp(47) is of the form G • x x a 
for some x £ C 2 and a £ C. If t. is a parameter of C at a then multiplication 
by t,: E —> E is a nilpotent endomorphism of E as a G-slieaf on C 3 . Since E is 
simple, this map must be zero. Thus E is essentially a G-constellation on C 2 
and hence Ale is the product of C with the moduli space for the restriction 
of G to the subgroup SL(2,C) as above. In the two-dimensional case, Kro- 
nheimer [Kro89] proved that the moduli space corresponding to a nongeneric 
parameter is singular, so walls of type 0 do not exist. This contradicts the 
assumption, so D is compact. □ 

To proceed with our study of the type 0 walls of a chamber G we require 
the technical results listed in §10. 

Lemma 4.5. The divisor D is reduced. 

Proof. It suffices to show that D is generically reduced since D is Cartier. In a 
neighbourhood of a point on a two-dimensional torus orbit of 4), the divisor D 
is defined by the equation uf = 0 for pairs (p, i) such that p C R\ and ppi (jL 44 1 
(see §10 for the notation). Then Corollary 10.2 implies D is reduced. □ 

Corollary 4.6. Suppose F is a 8-stable G-constellation with a nontrivial proper 
subsheaf S such that 9 q(S) = 0. Then either S or Q = F/S is rigid. 

Proof. Let D ; be an irreducible component of D. The morphism contw is 
injective, so dim G-Ext^ (Q, S) = 1 by Lemma 3.7. Proposition 10.6 asserts 
that either S or Q is rigid on the open torus of the toric stratum D j. Since 
all such subsheaves (or quotients) are 0o _ stable, there is a morphism from 44; 
to the moduli of ^o-stable G-sheaves that is constant on the subtorus of 44;. It 
follows that all of the subsheaves (or quotients) on 44; are rigid. Since 44; was 
arbitrary, the result holds on 44. □ 
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Remark 4.7. The corollary shows that either S or Q is a constant family on 
a connected component of D. Proposition 5.5 asserts that D is connected. 
Thus, the unstable locus D of a type 0 wall crossing parametrises either rigid 
subsheaves or rigid quotient sheaves. 


5 The chamber structure via Fourier—Mukai 

In this section the walls of the parameter space 0 are written in terms of the 
K -theory of the moduli space Y = Me using the Fourier-Mukai transform 
introduced in §2.4. For any chamber C and any 0 £ C, we write the Fourier 
Mukai transform as <f>c := 4>@. 

5.1 Understanding 0 and L c (0 ) via Fourier—Mukai 

The results of this section do not require that G C SL(3, C) is Abelian. Consider 
the topological filtration 

K(Y) Q = F° D F 1 D F 2 D F 3 = 0, 

where F l C K(Y )q denotes the subspace spanned by sheaves with support of 
codimension at least i. Consider also the dimension filtration 


0 = F -1 C F 0 C Fi C F 2 = Ko(Y)q 

of the compactly supported A'-theory of Y , where F, ; C K 0 (Y)q denotes the 
subspace spanned by sheaves with support of dimension at most i. The pairing 

x(a,/3) = ^(-1)* dim Ext* (a,/?) (5.1) 

i 

is defined for a G K(Y) and j3 € K 0 (Y). 

Proposition 5.1. The pairing %: K{Y) x Kq(Y) —> Z is perfect. Moreover, we 
have F 1 = F^ and F 2 = Fj 1 with respect to this pairing. 

Proof. There is a perfect pairing y G : K G (C 3 ) x A' G (C 3 ) —> Z as in [BKR01, 
§9.2]. The first statement follows from this via the Fourier-Mukai transform. 
Riemann- Roch gives 

X(a,(3)= [ ch(a v ) nch^-i (0) (/3) nTd(F) 

Jr-H 0 ) 

where cli: K(Y)q A(F)q and clq_i( 0) : A' 0 (V)q —»• A r -i( 0 )(y)Q denote the 
Chern character isomorphisms (see Fulton [Ful98, §18.3]). It follows that the 
intersection pairing A(F)q x A r -i( 0 )(V)Q —> Q is perfect. This implies the 
second statement. □ 
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Write (pc'- K 0 (Y) —> K G ( C 3 ) for the isomorphism (2.3) determined by any 
parameter 9 G C and write 

(p* c : K G { C 3 ) K(Y) 

for its adjoint. Recall that by definition 0 = R 1 - C Hom(i?(G), Q). If we 
identify R(G) with K G (C 3 ) via the isomorphism sending p to p ® Oo, then 
Hom(i?(G),Z) = A' g (C 3 ) by the perfect pairing \ G • In this paper, we fix this 
isomorphism and embed 0 in K G ( C 3 )q. In other words, we regard 9 G 0 as 
the class [J2 p 0(p)(P ® ^c 3 )] e K g (C 3 )q. 

Corollary 5.2. For each chamber C C 0, the Fourier-Mukai transform induces 
an isomorphism p* c : 0 —> F 1 . 

Proof. The Fourier Mukai transform maps the class [R <8> Oo] G K G (C 3 ) to the 
class of a point in Kq{Y). This spans Fo, so = F$ = F 1 . □ 

For a divisor D and a compact curve l on Y, the pairing from Proposition 5.1 
is simply x(Od, Of) = — deg (Oy{D) \f). Thus we fix an isomorphism 

F7F 2 Pic(T) Q (5.2) 

such that the class [F] of a torsion sheaf T is mapped to det(F) -1 . Recall 
that to 9 G 0 we associate a (fractional) line bundle Lc{9) on Y. For the 
isomorphism (p * c : 0 —> F 1 , we have 

pW) = vc(E P ^(p)[p® o C s]) = 
whose determinant is Lc(9)~ 1 . The identification (5.2) then gives 
L c {9) = {(p* c {9) mod F 2 ) G F 3 /F 2 £* Pic(F) Q . 

Thus we have established the following commutative diagram: 

0 > F 1 

ic l i P 

Pic(y) Q <—f 3 /f 2 

det ” 1 

In particular, for a curve f on b we have 

deg (L C (0)|/) = E X(n p \ t ) ■ 9(p) = 9(ip c (Oe)). (5.3) 

P 

5.2 The walls of 0 via the Fourier—Mukai transform 

We now use the Fourier- Mukai transform to write the inequalities defining the 
walls of a chamber C in terms of the F-theory of A 4c- The inequalities deter¬ 
mined by walls of type I or HI follow immediately from the relation (5.3): 
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Corollary 5.3. Given a wall W C C of type I or H, let £ C Me denote a curve 
contracted by contw- Then 0(ipc{Oe)) = 0 for all 9 £ W, and furthermore 
0(<pc(Oe)) > 0 for all 9 £ C 

Proof. For 9 £ W, Lc{9) is the pull back of a line bundle via contw that con¬ 
tracts a curvet? C Me to a point. That is, 9 £ W if and only if deg (Lc{9)\t) = 0 
which, by (5.3), is equivalently 9(<pc(£ > e)) = 0. □ 

The analogous statement for walls of type 0 (see Corollary 5.6 below) is more 
involved and will occupy the rest of this subsection. First we establish a useful 
vanishing result. 

Lemma 5.4. Fora,p £ Irr(G) we have H.t*(1Z p ®'R.- 1 ) = (7t*(Gc 3 ) <g> cr <g> p*) G . 
In particular, H l (Y , TZ p 0 TZf 1 ) = 0 for i > 0. 

Proof. It is well known that 

&T.(n p ®n- 1 ) ^ wiY,Tips'll- 1 ) ^Ext^ft; 1 ,^ 1 ), 

which in turn is equal to Hom^yj(7?.” 1 ! 72.” 1 ). The Fourier-Mukai transform 
$(7 induces the isomorphism 

Ho m t D( Y ) (n~ 1 ,n~ 1 ) ^ Hom^ G(C3) (p 0 G C 3, cr 0 G c3 ), 

which equals G-Ext* (p 0 Gc 3 > c 0 Gc 3 ) — G-Ext ! (Gc 3 , p* 0 a 0 Gc 3 ). Now 

G-Ext 4 (G C 3,p* 0 cr 0 G C 3 ) = W(C 3 ,p* 0 cr 0 G C 3 ) g = K 1 tt*(p* 0 cr 0 G C 3 ) g . 

This is zero unless i = 0. This completes the proof. □ 

Proposition 5.5. Let D C Me be the unstable locus of a wall W of type 0. 
Write R = Ri 0 R 2 , with R± corresponding to the subsheaves determining W 
as in §5.5. Then the following hold. 

(i) For p C R 2 and a C Ri, we have H l (lZ p 0 7 Zf 1 \o) = 0 for i = 0,1, 2. 

(ii) D is connected. 

(hi) H 1 (O d ) = H 2 (O d ) = 0. 

Proof. By Corollary 4.3, 1Z P 0 Rf 1 becomes 1Z P 0 7 Z~ 1 (—D) after crossing the 
wall. Lemma 5.4 implies that 

Rr»7?.p 0 7 Zf 1 (—D) = (7 t*(Gm) 0 cr 0 p*) G = Rr*7?. p 0 7 Zf 1 . 

The first assertion then follows from the long exact sequence in cohomology 
associated to the sequence 

0-^ 7^ P 0 7^; 1 (-G) 7^ p 0 7^; 1 ^Rp^TZ-^D -f 0. (5.4) 


18 



For the second assertion, take a connected component D\ of D. By Corol¬ 
lary 4.6, there is either a rigid quotient Q or a rigid subsheaf S destabilising the 
G-constellations parametrised by D\. We first assume the quotient is rigid. Fix 
pCR 2 and consider ^(R- 1 0 wdJ. Applying Serre duality to (2.2) gives 

£ ^®u Dl )= 0 (5.5) 

<reIrr(G) 


The first assertion implies H l {R p 0 R a 1 \o 1 ) may only be nonzero for er C R 2 . 
Then p,a C R 2 , hence R p \d 1 — Raloi by the rigidity of Q , giving 

$t(70 ®v Dl ) = H 2 -\0 Dl )* ®Q. (5.6) 

In the case where the subsheaf is rigid, by using similar arguments or Lemma 2.6, 
we obtain 

^H\o Dl )® s. 

Now assume D is not connected and let D\ and D 2 be distinct connected com¬ 
ponents. First consider the case where both components parametrise rigid 
quotients, and write Q\ and Q 2 for the rigid quotients on D\ and D 2 re¬ 
spectively. Since they give the same wall, their images [Q i] and [Q 2 ] in the 
Grothendieck group K{f(C 3 ) = R(G) are the same. It follows from (5.6) that 
PcCRp 1 = [QciRp 1 0 w Dj )] = x(0 Dj )[Qj] € R(G) for j = 1,2, so 

that ipciRy 1 ®wdj) and ipciR^ 1 0>wjj 2 ) are proportional in R(G). This can¬ 
not happen since [',R p 1 and \R-~p 1 0wd 2 ] are independent in I\q(Y ) and 

(pc is an isomorphism. The case where both parametrise rigid subsheaves also 
cannot occur, the argument is similar. Finally, assume we have a rigid quo¬ 
tient Q i on D\ and a rigid subsheaf S 2 on D 2 . In this case, we can argue 
in K 0 (Y)/F 0 ^ R(G)/Z[R]. The classes [' R p 0 utoj and [R a \D 2 ] are still in¬ 
dependent in the left hand side but [Q i] + [S' 2 ] = 0 in the right hand side, a 
contradiction. Thus D is connected and we obtain 

<p C {K- l ®u> D ) = x{G>d)[Q] 

in the rigid quotient case and 

^c{R- 1 \d) = x{O d ){S\ 

in the rigid subsheaf case. We show the final assertion in the rigid quotient case, 
the other case is similar (or follows from Lemma 2.6). We have H 2 (Od) = 0 
since X is a rational singularity and hence $c(R p 1 0 wd) = 0- Thus we have 
the distinguished triangle 

^(70 0 wd)[- 1 ] -► $c(K;' 0 ^) -> $^(70 0 wd)[- 2 ] 

in Dq( C 3 ), where g: ^(R- 1 0wo)[-2] —> ^(R- 1 0wd). By (5.6) and the 
connectedness of D , this triangle is 

H\O d )* 0 Q [- l ] - $ c (70 0 wd) - Q[- 2 ] H\O d )* 0 Q. 
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The morphism g is given by an element in G-Ext|> c3 (Q, Q) <g) H 1 (Od)*- Serre 
duality and the rigidity of Q imply G-Ext^ (Q, Q) = G-Ext^ (Q, Q) v = 0, 
and hence g must be zero. Thus <8> wd) is the direct sum of Q[— 2] 

and H 1 (Od)* <8>Q[—1]. Since D is connected and is an equivalence we have 
H 1 (O d )=H 1 (O d )* = 0. □ 

Corollary 5.6. The unstable locus D of a type 0 wall parametrises either a 
fixed rigid quotient Q or a fixed rigid subsheaf S. Moreover: 

1. In the rigid quotient case, we have <!>c(Hp ®wd) = Q[— 2] for p C R 2 . 
In particular, the inequality 0([Q]) < 0 for 6 £ C defining the wall can be 
written OfpcfhVp 1 0uo)) < 0. 

2. In the rigid subsheaf case, we have = S for cr C R 1 . In 

particular, the inequality 0([S]) > 0 for 0 £ C defining the wall can be 
written 0 (<pc{'R-I, 1 \d)) > 0. 

5.3 The chamber structure via Fourier—Mukai 

Corollaries 5.3 and 5.6 enable us to write the inequalities defining a chamber G 
via the Fourier- Mukai transform as follows: 0 £ C if and only if 

• 0(ipc{Oe)) > 0 for every exceptional curve I. 

• Q((pc(7lf 1 \D)) > 0, where D is the unstable locus of a type 0 wall that 
parametrises a rigid subsheaf S and a is some (in fact any) representation 
in H°(S). 

• OlytpcfR-f 1 ®w>d’)) < 0, where D' is the unstable locus of a type 0 wall 
parametrising a rigid quotient Q and p is some (in fact any) representation 
in H°(Q). 

Unfortunately it is not clear how to find pairs (D,a) and {D ', p) before 
knowing the inequalities from type 0 walls and their unstable loci. We now in¬ 
troduce additional inequalities that are satisfied by parameters 6 in the chamber 
G leading to the more streamlined statement of Theorem 5.9. Of course, the 
extra inequalities are redundant. 

Lemma 5.7. For every 6 £ C, every compact reduced divisor D and every 
irreducible representation p, we have OfpcfR-f 1 ®w>d)) < 0. 

Proof. Since G is an open set, a linear function does not achieve a maximum 
value on G, so it is sufficient to show that ® w r>)) < 0. By the 

symmetry of O from Lemma 2.6(i) we may assume p = po , in which case (5.5) 
gives $).(wd) = ® C rH 2 ~' l (fR,f 1 \D)* <S)rr. Lemma 5.4 gives H’fTZf 1 ) = 0 for i > 0 
which, when combined with the long exact sequence of cohomologies arising 
from (5.4), proves — H l+1 (IZf 1 (— D)) for i = 1,2. The vanishing of 

H 3, s gives $p(wd) = 0, so 

0(ipc(ud)) = 6>([<Fc(wd)]) - 6»([4>c(wd)])- 
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It is enough therefore to show 0 ([$^(wd)]) < 0 and 0 ([$^(wd)]) > 0. We may 
assume D is connected. To prove that 0 ([$^(wd)]) < 0, note that $p(wo) = 
(B a H° (TZ^ 1 |n)* <S> o’- Taking sufficiently many points yi,...,yk G D shows that 
$q(u>d) is a quotient of 

$ C (Oy J- 

<j i i 

For i = 1,..., k, <&c(,0 Vi ) is 0-stable and so ®i^c(O yi ) is 0-senristable. Thus 
the quotient $q(u>d) must satisfy 0 ([$^(wd)]) < 0 as required. 

To prove that 0([<b;b(w_D)]) > 0 we first claim that &q(ue) = 0, where E 
is the maximal reduced compact divisor in Me- This is equivalent by (5.5) to 
H 1 (1Z~ 1 \e) = 0 for all a G Irr(G). Since H’flZ^ 1 ) = 0 for i > 0, we prove as 
above that H 1 (1Z~ 1 \e) — H 2 (1Z~ 1 (—E)). This vanishes because the line bundle 
Oy(—E) is generated by global sections in codinrension-one (E coincides with 
the fibre of 7r(0) G C 3 /G off a one-dimensional subset), H 2 (1Z~ 1 ) = 0 and we 
have no U 3 ’s. This proves the claim. 

Let D be an arbitrary reduced compact divisor. Write E = D + D ', where 
E is as above and f:=0n D’ is a (complete intersection) curve. By applying 
$(7 to 

0 —► LUb ® U)D' —► —» U)g> —> 0 , 

we obtain <& 0 c (u)g') = &q(lud) ® $c(ud<). Choosing sufficiently many points 
yi ,..., y r of i' enables us to embed $^(w£') = ® c ,H°(lZ a ® tog,') into 

©© H°(ll a ®up ®O yi )* -© *c{Oy t ). 

a i i 

Here each <&c{0 Vi ) is 0-stable so ®i<&c{0 Vi ) is 0-semistable. Thus its submodule 
$c(u>d) must satisfy 0([ t E > ^ 7 (o7 J c>)]) > 0 as required. □ 

Corollary 5.8. For every 0 G G , every compact reduced divisor D and every 
irreducible representation p, we have ^b)) > 0- 

Proof. This follows immediately from Lemma 2.6. □ 

Theorem 5.9. Let C C 0 be a chamber. Then 0 G G if and only if 

• for every exceptional curve t we have 9(pc(Pc)) > 0. 

• for every compact reduced divisor D and irreducible representation p we 
have 

0(i/3c(K)) 1 ®wd))< o and 0(<^c(^p 1 b)) > 0. 

6 Crossing walls of type I and III 

This section repeats the analysis of §4 for walls of type I and IH. That is, for 
walls of each type we determine the unstable locus and calculate the changes 
in the moduli spaces and the tautological bundles that occur as the parameter 
0 G 0 passes through the wall. 
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6.1 Crossing a wall of type I induces a flop 

Proposition 6.1. Let C and C be chambers separated by a wall W of type I. 
Then the unstable locus Z C A ic of the wall crossing is the curve £ contracted 
by contw- Furthermore, Me is a flop of Me ■ 

Proof. We break the proof up into several steps. 

Step 1: We begin by showing that £ is a connected component of Z. The 
wall W gives rise to a defining inequality 9(Ri) > 0 of the chamber G, for 
some subrepresentation R\ C R as in §3.3. On the other hand, Corollary 5.3 
asserts that the same defining inequality may be written as 9(ipc(Oe)) > 0. 
Hence there exists q £ Q>o such that 9{ipc(Oe)) = q9{R\) for all 9 £ O. Since 
O = R 1 - C f?(G) = Kq(C 3 ), there exists k £ Q such that tpciOe) = qR\ — kR. 
In this equality, <pc(C^) is integral, every coefficient of R is 1 and R\ has both 
0 and 1 as its coefficients. It follows that k, q £ Z. Since yedpt]) = R, we have 
Tc{Odk)) = qR\. The line bundle Oe(k) is not divisible in K 0 (Y ), so q = 1, 
i.e., 

<Pc(Ot(k)) = Ri. 

Then deg(7\lp <g> Oe(k)) is 0 or —1, therefore 

S := $c{O t {k)) (6.1) 

is a G-slreaf. Rigidity of Oef k) implies S is rigid. In particular, [5] is an isolated 
point in the moduli space of do-stable G-equivariant coherent sheaves on C 3 . For 
y £ Me , write F y for the corresponding G-constellation. The equivalence 
gives Horn q Mc ( O t {k ), O y ) = G-Hom 0c3 ( S , F v ), so 

y £ Me is on £ <==> F y contains S' as a subsheaf. 

Consider the do-unstable locus Z C Me- We have a morphism from Z to the 
moduli of do-stable G-equivariant coherent sheaves associating y £ Z to the 
destabilising subsheaf of F y . The above shows that the fibre over [S] is exactly 
£. Since [S] is an isolated point, the curve £ is a connected component of Z. 
Note also that the quotient of F y by S for each y £ £ is the rigid G-slieaf 

Q ■= *c(Pt{k - 1)) = - !))[!]• 


Step 2: By symmetry, the curve £' C Me contracted to a point in Mg 0 is 
a connected component of the unstable locus Z’ in Me- Set Z c := Z\£ and 
Z’ c := Z \ £'. The isomorphism Me \ Z = Mc'\Z’ of Lemma 3.13 ensures 
that the ample line bundle Le{9') is the proper transform of Lc{9') in the 
neighbourhood Me \ Z c of £. The first assertion of Lemma 3.3 states that 
Lc{9 , )~ 1 is /-ample. Since / contracts only the curve £, we see that Me \Z' C 
is an Lc{9 ')-flop of Me \ Z c . The question of whether Me is a flop of Me is 
local over Mg 0 , so the second assertion is proven. 

Step 3: Since Me —*■ Me is a flop of £, Z c c Me is set-theoretically iden¬ 
tical to Z' c C Me r - Assume Z c is nonempty. The proofs of Propositions 4.1, 4.4 
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and Lemma 4.5 show that Z c is a compact and reduced Cartier divisor. Further¬ 
more, take a connected component D\ of Z c . Then the argument that proves 
Corollary 4.6 shows that either we have a rigid subsheaf S' or a rigid quotient 
Q' that is common to the G-constellations parametrised by D\. 

Step 4: Let M denote the common blow up Me along t and Me along l'. 
The elementary transformation of the tautological bundle R = 7 Zc along the 
pullback of Z to M gives a family of ^'-stable G-constellations for some 6' € C', 
and symmetrically for RJ = Re' ■ Using this relation between the pullbacks of 
the tautological bundles to M in conjunction with Lemma 5.4 establishes the 
analogue of Proposition 5.5(i) (with Z c replacing D). 

Step 5: To derive a contradiction we argue as in the proof of Proposi¬ 
tion 5.5(h). Apply the Fourier-Mukai transform so that in K{f(C 3 ) we have 
either 


V’cC^Idi) = [S'] = [5] or <pc{'R'p®u Dl ) = [<?'] = [<?]• 

But this is impossible because <pc{Oe(k)) = [S], < pc{Oe.{k — 1)) = — [Q] and tpc 
is an isomorphism. Thus Z c is empty and Z = i as required. □ 

Warning 6.2. The previous proposition is a particular case of a result of Thad- 
deus [Tha96, Theorem 3.3]. Note however that the assumption on the codimen¬ 
sion of the unstable locus (denoted there X±) is missing from the statement 
of [Tha96, Theorem 3.3]; it appears only in the statement of the simplest case 
[Tha96, Proposition 1.6]. 

Corollary 6.3. The tautological bundle R p is the proper transform of!Z p and 
we have: 

Case (+1) p 0 C R 2 { deg(7l p |d | p £ Irr(G) } = { 0,1 }. 

Case (-1) p 0 C R x { deg(TC p |^) | p £ Irr(G) } = {0,1}. 

Proof. In the proposition we saw that deg(7?. p ® Oi{k)) is 0 or —1. Taking 
p = Po shows that k = — 1 or 0. If k = — 1, Case (+1) occurs. Otherwise, Case 
(—1) occurs. □ 

6.2 Walls of type III and change of tautological bundles 

Suppose G and C' are chambers separated by a wall W of type IH so that both 
contw: Me —> Uo and contw / : Me Y 0 contract a divisor to a curve. The 
universal property of blowing up together with the primitivity of the contrac¬ 
tions ensures that both Me and Me can be characterised as the blow-up the 
curve that forms the singular locus of Y$. In particular, Me is isomorphic to 

Me- 

Proposition 6.4. Let C and C' be chambers separated by a wall W of type II. 
Then Me is isomorphic to Me and the unstable locus Z c Me of the wall 
crossing is the divisor D that is contracted onto a curve by contw- 
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Proof. We need only prove the second assertion. Write contw: Me —> To for 
the contraction determined by the wall, B C Yq for the image of the divisor D 
and £ for a fibre of D —> B. We argue as in Proposition 6.1. Thus, there is 
an integer k such that S := is a G-sheaf satisfying [5] = R\ 1 and 

B is a connected component of the moduli space of f?o-stable G-sheaves E with 
H°(E) = R\. The divisor D is the pull-back of B and is therefore a connected 
component of Z. The proof that Z c := Z \ D is empty is similar to Steps 3-5 
of Proposition 6.1, though in Step 4 we need not perform a blow-up since we 
already have Me — Me ■ □ 


Corollary 6.5. The tautological bundles 1Z P and lZ' p are related as follows: 
Case (—1) p 0 C Ri <==>■ { deg(7^ p |^) | p £ Irr(G) } = { 0, — 1 }, in which case 


U 


t 

P 


R P (-D) ifdeg(K p \t) = -l 
R p if &eg(fR p \i) = 0. 


Case (+1) p 0 C R 2 { deg(fR p \c) \ p £ Irr(G) } 


{ 0,1 }, in which case 


U 


/ 

P 


R P ifdeg(n p \ e ) = 0 
U P (D) */deg(ft p |/) = l. 


Proof. This is proved in the same way as in Corollary 4.2. 


□ 


7 Derived equivalences induced by wall crossing 

This section considers the composite dy,, 1 o $c<: D(Mc) D(Mc') of the 
Fourier-Mukai transforms determined by adjacent chambers G and C'. For 
chambers separated by a wall of type 0 or I we determine the explicit self¬ 
equivalence of D(Mc)- For chambers separated by a type I wall we exhibit the 
equivalence of derived categories between flops. 

7.1 Walls of type 0 and Seidel—Thomas twists 

Let Y be an n-dimensional nonsingular quasiprojective variety and let D C (Y) 
denote the derived category of compactly supported coherent sheaves on Y . 

Definition 7.1. [ST01] An object £ G D C (Y) is spherical if Hom^ y )(£,£) = 0 
unless k is 0 or n, Rom° D ( Y )(£, £) — H om^y) (f,£) = C and £ ® ojy — £■ The 
twist Tg along a spherical object £ is defined via the distinguished triangle 

RHomoy (£, a) <g>c £ ol —* Tg(a) 

for any a € D(Y ), where ev is the evaluation morphism. The twist Tg is an 
exact self-equivalence with inverse Tf defined via the distinguished triangle 

Tf(a) —* a RHomo Y (a,f) v ®c £ for any ol € D(X)- 
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Before establishing that a type 0 wall crossing induces a twist on the derived 
category, we pause to review the twist on the Grothendieck groups K(Y) and 
I\ C (Y ) of the corresponding derived categories that we require in §8. The pairing 
defined in (5.1) determines x(a,/3) for a, (3 € K C (Y). If dimF is odd and uiy 
is trivial then x(—) is skew symmetric on K C (Y). The following is immediate 
from the definition. 

Lemma 7.2. The twist Tg acts on K(Y) and K C (Y ) as 

( Ts)*{y) = y - x([£],y)[e]. 

This clearly acts as the identity on [£]^. Moreover, if the dimension of Y is 
odd then x(( T s)*(y), [£]) = x(y, [£]), so the sets 

[S} ± :={yeK(Y)\± X (y,[£})>0} 

are invariant under Tg. 

We now consider the self-equivalence induced by crossing a type 0 wall. Let 
C, C' be adjacent chambers separated by a wall W of type 0 and 1Z P , TZ' p be the 
tautological bundles on Me, Me respectively. Note that Y = Me — Me- 
Hereafter, the notation /(?) denotes the functor [? i—> /(?)]. 

Proposition 7.3. Suppose W is defined by the equation 9{pc{TZf 1 ®lod)) = 0 
(so D parametrises a rigid quotient Q with p G Q). Then either 

1. 1Z P \d ¥ Od, in which case o — T R - i ( g la , D ; or 

2. TZ p \ d = Od, in which case o = Oy{—D) ® T^ D (1), 

where = between functors denotes natural isomorphism. Otherwise, W is defined 
by the equation 9 (ipc{'R£, 1 \d)) = 0 (so D parametrises a rigid subsheaf S and 
a e S). Then either 

3- TZctId ¥ £>d, in which case o — T’ _j ; or 

'*'(7 I D 

4- d — Od, in which case $((} o <&c — T(, D (Oy(D)<S>2). 

Proof. For part (1), set £ = IZ^^wd- Since an object in I?(Ale) is represented 
by a complex of sheaves that are direct sums of IZf 1 = $c(<J <8> 0c 3 ) for 
a G Irr(G), we need only establish functorial isomorphims 

QjoQcin-^SiTein- 1 ). 

The left hand side is lZ' a 1 which, by Corollary 4.3, is isomorphic to IZf 1 for 
a (jt Q and to lZf 1 (D) for a C Q. To compute the right hand side, write 

RMomo Y (£,Tl- 1 ) ^Rr(7e p ®^; 1 ®0e[-1]). (7.1) 

For a (jt Q, this is zero by Proposition 5.5(i), and hence TgiJZf 1 ) = IZf 1 
as required. Otherwise, cr C Q. Then '1Z c ,\d — TZ p \d and hence (7.1) is 
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Rr(e>£>[—1]) = C[—1] by Proposition 5.5(iii). The twist Tg(TZ a 1 ) is therefore 
the cone over the map 

c[-i]<g>£— >n~ l . 

This is a sheaf given by a class in Ext^. (£, Ef 1 ). Since lZ a \D — H P \d, this is 
simply Ext^'K' 1 <g> to D , Ilf 1 ) = ExtJ, y (uj d , O y ) = H 2 (u D ) v = H°(O d ) = C. 
Clearly 7 Z~\D) is one such (nontrivial) class, so Tg(7 H” 1 ) = Kf 1 (D). 

For the functoriality, consider the diagram 

£(M C ) £>(A4 C ') 

i i 

D(M c \t-\ 0)) D(A4c' \ (t / ) _1 (0)), 

where r, r' denote the contractions from the moduli Me, Me 1 to C 3 /G. The 
vertical arrows are restrictions and the lower horizontal arrow is the equivalence 
induced by A4c \ r _1 (0) = Me \ (r') -1 )!)). The restrictions of d^^d?^, 1 
to D g ( C 3 \ {0}) are Fourier Mukai transforms determined by 7 ?-|.m c \ T -i(o) — 
^• , |x c /x(t')- 1 (o)i so the diagram commutes if / = d>^, 1 od>c'. On the other hand, 
£ is supported on D C t _1 (0) so the restriction of the twist Tg to D(Mc \ 
r _1 (0)) is the identity. Thus the diagram also commutes if f = Tg. Moreover, 
the restriction maps 

Hom(fi, jr 2 ) —> Hom^ilyKpyT—qo), A' 2 |> 1 c \ t -1(0)) 

are injective for locally free sheaves T\ , M on Me- This establishes the functo¬ 
riality and hence completes the proof of part (1). Part (2) is similar. Parts (3) 
and (4) follow from (1) and (2) respectively by exchanging the roles of G and 

C'. “ □ 

7.2 Walls of type I and Bondal-Orlov derived equivalences 

Let C,C' denote chambers separated by a wall of type I. Then Me —* Me 
is the classical flop with respect to a (—1, —l)-curve t C Me- If we denote 
by p: M —> Me the blowup of Me along £, then the exceptional locus E is 
isomorphic to IP 1 x IP 1 and we have another contraction q: M —► Me- In this 
situation, Bondal and Orlov [B095] observed that there is an equivalence of 
derived categories 

Rg*Lp*: D(M C ) -+D(M C >) 
with inverse R p*{G{E) ® L q*(?)): D(Me) —► D(Mc )■ 

Proposition 7.4. When crossing a wall of type I, the induced equivalence of 
derived categories is determined by the cases (±1) of Corollary 6.3 as follows: 

1. If (+1) holds we have o d>c = Rq*Lp*. 

2. Otherwise (—1) holds and d*^, 1 o d>c — R q*((D(E) ® Lp*(?)). 
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Proof. For part (1), we establish functorial isomorphisms 

The left hand side is isomorphic to TV~ X . It follows from Case (+1) from 
Corollary 6.3 that the right hand side is the proper transform of IZf 1 , i.e., 
1Z' P . The functoriality is proved as in Proposition 7.3. Part (2) is similar. □ 

7.3 Self-equivalences induced by walls of type HI 

Finally, assume that chambers C and C are separated by a wall of type M. Let 
Y = Me — Me denote the moduli and Y —> Fo the contraction determined 
by the wall. In this case, the unstable locus D C Y is the divisor contracted 
to a curve in Yq. Let p,q be the first and the second projections of the fibre 
product Y x Yo Y. 

Proposition 7.5. When crossing a wall of type M, the induced self-equivalence 
of the derived category is determined by the cases (±1) of Corollary 6.5 as 
follows: 

1. If (—1) holds we have Qf,} o = R</*Lp*. 

2. If (+1) holds then $<71 o <&c — R<|*(wyxy 0 y <S> Lp*(?)). 

Proof. Similar to that for walls of type I, except that the unstable locus D 
need not be compact so instead we consider the restrictions of , < I > ( 7, 1 to 
D g (C 3 \tt- 1 {t(D))). □ 

Remark 7.6. Set E = D, Z = contw (D) and £ = Od • Then we have 

Oyxy — £r <8> P*Oy(~D), ojyxy — £l q*Oy(D), 

where £r and £l denote the kernels (or correspondences) of the EZ transforms 
introduced by Horja [HorOl]. Thus, our derived equivalences are EZ transforms 
composed with tensor products by line bundles CV(±_D). 


8 Proof of the main theorem 

In this section we prove Theorem 1.1. Since every projective crepant resolution 
is obtained by successive flops from G-Hilb, it is enough to show that if a 
chamber C defines A4c — Y then for any flop Y' of Y there is a chamber C 
such that Me —Y'. It is not true in general that such C' is found by a single 
wall crossing from C, see Example 9.13. Thus we consider the union of the 
closures C of all chambers C with Me — Y and try to find a desired wall of 
type I on the boundary of this union. To understand the relation with the ample 
cone clearly, we transform each C via the isomorphism pf,: 0 —> F 1 . It turns 
out that adjacent chambers in 0 need not be transformed to adjacent cones in 
F 1 , but tensoring by some line bundle Oy(D) fills the gap. 
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To make the argument precise we first introduce an action of a subgroup of 
Pic(y) on F 1 as follows. The Picard group of Y acts on K(Y) by tensor product, 
preserving the filtration F* and hence Pic(T) acts on F 1 . Note that this action 
is trivial on F 1 /F 2 = Pic(F)Q because [A (g )L\ — [F] € F 2 for a torsion sheaf T 
and a line bundle L. Let Si,... ,Sb denote the compact irreducible surfaces on 
Y and Pic c (F) C Pic(Y) the subgroup generated by the Oy(Si). For £ G F 1 , 
Oy(Si ) acts as 

where the equality holds in K(Y). Indeed, CV(<Sj)®£ = 
and the difference ([0s 4 (jSj)] — [OsJ) ® f lies in F 3 = 0. 

We define Amp^Y) C F 1 /F 2 to be the set of nef line bundles that do 
not contract a divisor to a point, i.e., Amp (Y) is obtained from the nef cone 
Arnp(Y) by removing the walls that induce birational morphisms of type I. 
Clearly 

Amp(Y) C Amp'CK) C Amp(Y). 

Lemma 8.1. Suppose p(£) € Amp'(Y) for £ G F 1 . Then [Os 1 <S>£], •.., [Os b <g>£] 
are linearly independent in F 2 . 

Proof. Put L = p(£) and take a general section s of L n for suitable n > 0. 
The section s determines a nonsingular surface S. Our assumption that L G 
Arnp^Y) ensures that S (~l Si are nonempty curves that are contracted in r. 
This implies that the intersection matrix (c±(L).Si.Sj)ij is negative definite 
and proves the assertion. □ 

Proposition 8.2. For every f G p~ 1 (Amp , (F)) there is a neigbourhood N(£) 
of £ such that only finitely many pairs ( L , C) satisfy N(£) fl L ® ip* c (C) 0, for 
L G Pic c (T) and C C O a chamber. Moreover 

p _1 (Amp'(y)) c |J |J L ® tp* c (C). (8.1) 

LePic c (V) Mc^Y 

Proof. Since <p* c ( C ) is bounded in the fibre direction of the map p: F l —> F 1 /F 2 
by Theorem 5.9, and since the generators of Pic c (F) act independently in the 
fibre direction of p by Lemma 8.1, we obtain the first assertion of the proposition. 
It follows that the intersection of the right hand side with the left hand side of 
(8.1) is closed in the left hand side. Therefore, to establish (8.1) it is sufficent to 
show that the interior of the left hand side is contained in the right hand side. 
That is, we now show 

p _1 (Amp(F)) C u u L®<p* c {C). 

LePic c (V) Mc—Y 

If this is not true, then again by the first assertion, there is a boundary point 
L ® (p(-,(0o) of the right hand side that is contained in the left hand side, where 
L G Pic c (F), C is a chamber with A ic — Y and 6$ G C. We may assume that 
is in the interior of a wall W of C. Since Lc(0o) = p(ific{0o)) is ample, W 
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is a wall of type 0 determined by a rigid subsheaf or quotient sheaf F. Let D 
be the compact divisor that forms the unstable locus for this wall and let C' be 
the chamber satisfying C' n C = W. Then, by Proposition 7.3 and Lemma 7.2, 
we have either 

vUC) n vb'iC 7 ) = <P* C (W)(= <Pc>(W)) (8- 2 ) 

or 

<Pc(P) n (Oy(±D) 0 vb'tc 7 )) = <Pc(W)(= Oy(±D) 0 <p*c,{W)). (8.3) 

If (8.2) holds, then L 0 <Pq(0o) € L 0 <p* c (W) = L 0 ipb(C) fll0 <Pq,(C'). This 
contradicts the assumption that L 0 ipbi^o) is a boundary point of the right 
hand side of (8.1). The contradiction for the (8.3) case is similar. □ 

Corollary 8.3. Let B C Amp(Y) be a wall of the nef cone giving rise to a 
birational contraction of type I. Then there is a chamber C defining Me — Y 
and there is a type I wall W ofC such that p(g>b(W)) C B. The same statement 
holds with M replacing I. 

The main theorem follows from this and Proposition 6.1. 


9 The moduli space of G-clusters 

Throughout this section we let C (rather than Co as in §1) denote the chamber 
defining G-Hilb = Me- In this case, the inequalities defined by walls of type 0 
can be written in a particularly simple form, see Theorem 9.5. We also establish 
that none of the inequalities 0(tpc(@e)) > 0 determined by (—1, —l)-curves 
£ C G-Hilb that induce flops are redundant. As a consequence, the flop of 
any such curve is achieved by crossing a wall of C; this is false in general, see 
Example 9.13. The main point is that G-Hilb exhibits nice properties, even 
compared with other crepant resolutions Me —► C 3 /G. 

9.1 How to calculate G-Hilb 

Let G C SL(3, C) be a finite Abelian subgroup of order r = |G|. Choose 
coordinates x, y, z on C 3 to diagonalise the action of G, write M = Z 3 for 
the lattice of Laurent monomials in x, y, z and N for the dual lattice with 
basis ei,e 2 ,e 3 . Write g = diag(£“ 1 ,e“ 2 ,£ a3 ) G G with 0 < ay < r, where 
£ is a primitive rth root of unity. To each g G G we associate the vector 
v g = 1 («i, « 2 j a#)- Write N := N + ^ ' v 9 an< ^ ^ := Horn (AT, Z) for 

the dual lattice of G-invariant Laurent monomials. The affine toric variety 
Ufj = SpecC[( 7 v l~l M] defined by the cone a = ^R> 0 ej in N K := N 0 Z M is 
the quotient C 3 /G. The junior simplex A C N r is the triangle with vertices 
ei,e 2 ,e 3 , containing lattice points — (cki, <* 2 , as) with -(aq + «2 + < 23 ) = 1 . 
Crepant toric resolutions Xy. —> C 3 /G are determined by basic triangulations E 
of A; we identify triangulations of A with fans, so vertices, lines and triangles 
of E define torus-invariant surfaces, curves and points respectively of Xy, ■ 
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Nakamura [NakOO] proved that G-Hilb = Xy for one such triangulation 
E. Craw and Reid [CR02] introduced an alternative construction of E by first 
partitioning A into regular triangles. The fan E is obtained by drawing r — 1 
tesselating lines parallel to the sides of each regular triangle of side r. There are 
two types of regular triangle of side r (see [CR02, Figure 10]): 

(a) a corner triangle. By permuting x, y, z if necessary, we may assume the 
sides of this triangle are cut out by the ratios x d : y b , y e :x a and z* :y c for 
some d — a = e — b — c = / = r; or 

(b) the (unique) meeting of champions triangle whose sides are cut out by the 
ratios x d : y b , x a : zf and y e : z c for some d — a = e — b = f — c = r. 

Moreover, the lines of the regular tesselations of the regular triangles are cut 
out by the G-invariant ratios of monomials 

x d ~ i :y b+i z i ; y e ~ j :z j x a+j -, z f ~ k :x k y c+k in Case (a), (9.1) 

y' - z f ~ k :x a+k y k in Case (b), (9.2) 

for i,j, k = 0,..., r — 1. The edges of a basic triangle r G E defining the affine 

chart U T C Xy are cut out by the ratios from (9.1) or (9.2) if i,j, k satisfy either 

i+j + k = r — 1, in which case r is an up triangle, or i + j + k = r + 1, in which 
case t is down. An up triangle r in Case (a) defines U T = C 3 = SpecC[£, rj, £] 
with 

f = x d ~ i /y b+i z\ r/ = y e - j /z j x a+j , C = z f ~ k /x k y c+k . (9.3) 

A down triangle r in Case (a) defines U T = C 3 = SpecC[A, ji. v\ such that 

A = y b+l z i /x d ~\ p = z j x a+j /y e - j l v = x k y c+k /z f ~ k . (9.4) 

Case (b) is similar. See [CR02] for more details. 

9.2 Walls of the chamber defining G-Hilb 

Let G denote the chamber defining A ic = G-Hilb. That is, G is the unique 
chamber containing the cone 0+ introduced in §2.3. We now show that type 
0 walls of G defined by rigid subsheaves are related to the marking of torus- 
invariant surfaces in G-Hilb with characters of G according to the recipe of 
Reid [Rei97]. 

First we review Reid’s recipe. Lines in the fan E are cut out by the G- 
invariant ratios listed in (9.1) and (9.2). The monomials in each ratio lie in the 
same character space of the G-action, and we mark the line with the common 
character. As for the (interior) vertices v in E, there are essentially two cases: 

• If three straight lines in E pass through v then v defines a del Pezzo 
surface of degree 6. In this case, v is marked with a pair of characters 
p, p' determined uniquely from the characters marking the three straight 
lines meeting at v. 


30 



• Otherwise, v is marked with a single character p determined uniquely from 
the characters marking the lines meeting at v. 

In this way, every character of G marks either a unique interior vertex in E or a 
line in E possibly passing through several vertices. Compact torus-invariant sur¬ 
faces D in G-Hilb are the toric strata defined by the interior vertices, and we say 
that a character p marks D when p marks the corresponding vertex v. Complete 
proofs and worked examples of Reid’s recipe are given by Craw [CraOO]. 

The reader unfamiliar with Reid’s recipe may take the following lemma as 
the definition of the marking of a divisor D with character(s). 

Lemma 9.1. Let D be a compact torus-invariant divisor D in G-Hilb. A 
character p marks D if and only if p lies in the socle of every torus-invariant 
G-cluster in D. 


Proof. The proof of Theorem 6.1 from Craw [CraOO] establishes that if p marks 
D then p lies in the socle of every torus-invariant G-cluster in D. For the 
converse, we prove the case where I? is a del Pezzo of degree 6, the other cases 
are similar (and easier!). The divisor D is the toric stratum of a vertex v inside a 
regular triangle of side r > 3, and the torus-invariant points of D are the strata 
defined by the six triangles in E with vertex v. If v lies in a regular corner 
triangle then the ratios (9.1) cutting out the lines through v satisfy i+j + k = r 
for some 1 < *, j, k < r— 1. Write Oz for the G-cluster corresponding to the toric 
stratum of the triangle r with vertex v and two edges cut out by x d ~ z : y b+l z l 
and zf~ k : x k y c+k . The method from [CraOO, §5] shows that the socle of Oz 
consists of the monomials y e ~^z l and x k y e ~ J whose characters p and p' mark 
D , together with the monomials 


m! = x d ~ i ~ 1 y c+k , m 2 = x d - i ~ 1 z j , m 3 = x a+i z f ~ k ~\ m 4 = y h+i z s ~ k - y 


whose characters we denote p \,..., pi respectively. We claim that p \, p 2 $. 
socle(Gz'), where Oz' is the G-cluster defined by the other triangle with vertex 
v and one edge cut out by x d ~ l : y b+l z l . Indeed, the calculation of Oz' gives 
x ■ mi,x ■ m 2 G socle(G^/). Hence mi,m 2 G Oz 1 \ socle(Gz') so that neither 
pi nor p 2 lie in socle(Gz'). Similarly, if Oz" is the G-cluster defined by the 
triangle with vertex v that shares the edge cut out by z^~ k : x k y c+k , then 
z ■ to 3 , z ■ n %4 G socle(Gz") so p 3 , p 4 ^ socl e(Oz") as before. This completes the 
proof when v lies in a regular corner triangle, the meeting of champions case is 
similar. □ 

Corollary 9.2. A divisor D in G-Hilb parametrising a rigid subsheaf defining 
a wall of type 0 in C is necessarily irreducible. 

Proof. Write S for the rigid subsheaf. If p G socle(iS) then p lies in the socle of 
every torus-invariant G-cluster Oz in D. Assume D is not irreducible and let 
D \, D 2 be irreducible components. Then p lies in the socle of every torus-fixed 
point of both D\ and D 2 . Lemma 9.1 implies that p marks both D\ and D 2 , a 
contradiction. □ 


31 



Proposition 9.3. 9([S}) = 9(<pc{Rf 1 1^)) = 0 is a type 0 wall of C if and only 
if D is irreducible and S = Oq ® p for some p marking D. In this case, the wall 
is 9(p) = 0 and $p 1 (O 0 < 8 > p) = Rf 1 \d- 

Proof. We claim that if p marks a (compact irreducible) divisor D then 9(p) = 0 
is a type 0 wall of G with unstable locus D. Indeed, p C S' by Lemma 9.1 so that 
p is a subslreaf of a G-cluster and hence 9(p) > 0 for all 9 G C. Thus p lies in the 
cone dual to G, so G fl p 1 - is a face of G. The cone 0 + from (2.1) lies in C and 
0+ fl p 1 - is a codinrension-one face of 0 + , so W = {9 G C | 9(p) = 0} = G fl p 1 - 
is a wall of C. The unstable locus is a divisor containing D and hence, by the 
previous corollary, coincides with D as required. 

Suppose S = &c(Rf 1 \d) is a rigid subsheaf S giving a wall of type 0. Then 
D is irreducible by the previous corollary. We may assume that p lies in the 
socle of S, so p marks D by Lemma 9.1. The claim asserts that 9(p) = 0 is a wall 
of type 0 with unstable locus D. Corollary 5.6 gives pc{Rf 1 Id) = Oq ® p and 
hence S = Og®p as required. Conversely, the claim shows that 0 = 9(p) = 0([S']) 
is a wall of type 0 . 

To prove the final statement, note that Qci'R-f 1 |d) = Oq ® p for S = Oq ® p 
by Corollary 5.6. The result follows by applying <3>^ . □ 

Remark 9.4. This result shows that for every compact irreducible divisor D and 
for each p marking D , if TZ a \d — R-pId for some a G Irr(G) then a = p. 

Theorem 9.5. A parameter 9 lies in the chamber C defining G-Hilb if and 
only if 

• for every exceptional curve I we have 9fpc(Ot)) > 0. 

• for every compact irreducible divisor D and for every character p marking 
D we have 9(ipc(Rf 1 \D)) = 9(p) > 0. 

• for every compact divisor D' (parametrising a rigid quotient) we have 

9(<pc{ud')) < 0 . 

Proof. Compare Theorem 5.9 and Proposition 9.3. For the rigid quotients, note 
that po G Q because G-clusters are quotients Gc 3 /2i Clearly 7Zf ( ) is trivial on 
G-Hilb, so the inequality is simply 9(<pc(^D')) <0. □ 

Example 9.6. For the cyclic quotient singularity yj-(l, 2, 8 ), write po,..., pio for 
the irreducible representations and write parameters 9 as (9q,...,8io) where 
9i = 9(pi). The toric fan defining G-Hilb together with its marking according 
to Reid’s recipe appears in [CraOO, Figure 4(b)]. The vertices are marked with 
P 3 , p 4 , p 7 , pg, pro and we denote by H 3 , D 4 , £> 7 , Dg, Dio the corresponding com¬ 
pact irreducible surfaces. The remaining nontrivial characters mark the lines. 

The three (—1, — l)-curves I C G-Hilb are marked with p\,po,p§ and we 
label the inequalities 9(ipc(Oe)) > 0 arising from the type I walls accordingly: 


fi 9\ + 9s + 9g > 0, fo 9$ + $7 > 0, fg 9 q > 0. 
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There is a unique Hirzebruch surface F 4 C G-Hilb. The pair of toric curves 
that are fibres of the morphism F 4 —> P 1 are marked with ps so we label the 
inequality 0(ipc(Og)) > 0 arising from the type IH wall accordingly: 

fs := Os + Og + 0io > 0. 

It is also convenient to introduce the inequality / 2 := O2 + O3 + O7 + 6 10 + 204 > 0 
that is of the form 0(ipc(Ot)) > 0 for the (1, —3)-curve £ in P 2 C G-Hilb marked 
with p 2 . We will soon see that this inequality is redundant (it must be since 
there are no type II walls!). For the type 0 walls, the inequalities 

03 >0, 04 > 0, 07 >0, 0g > 0, 0io > 0. 

arising from the walls whose unstable locus D, parametrises rigid subsheaves 
are determined by the marking of surfaces according to Theorem 9.5. 

Finally, to calculate the compact divisors D' parametrising rigid quotients 
Q, recall that pi C Q if and only if 1Z Pi \ d' — Od'- Thus, we require only the 
divisors on which tautological bundles are trivial. We write the appropriate 
divisor D' (written as a linear combination of the irreducible divisors Dj) next 
to the corresponding inequality: 


D 4 

fi > 04 

d 9 

fi + /.5 + f& > 0g 

D4 + D 7 

/2 + /.5 + /6 > 04 + 07 

D 3 + H4 

fr. T fs T /q > 03 + 04 

D 3 + Da + Dr 

fl + h + /.5 + /6 > 03 + 04 + 07 

D 4 + Z?7 + .Dio 

/2 + fd + fe + fs > 04 + 07 + Go 

D3 + D4 + D7 + Dg + Dio 

fl + /2 + fb + fe + fs > 03 + 04 + 07 + 0g + 010 

Note that since 04 > 0, the 

inequality determined by D' = D4 ensures that 


/ 2 > 0 is redundant. Notice also that the cone 0 + = {0 € 0 | 0,; > 0 for i > 0} 
is a proper subcone in the chamber G cut out by all of these inequalities. 

9.3 Flopping a single curve in G-Hilb 

Fix a (—1, —l)-curve £0 in G-Hilb that induces a flop. We now show that the 
inequality 0(<pc(Oe o )) > 0 determined by £0 according to Theorem 9.5 is not 
redundant. It follows that the equation 9(ipc(Oe 0 )) = 0 defines a type I wall of 
G and hence, by Proposition 6.1, the flop of £0 is induced by crossing the wall. 

First, note that £q is the toric stratum of a line in the triangulation £ lying 
strictly inside a regular triangle. 

Proposition 9.7. Every tautological bundle 1Z P has degree 0 or 1 on to- 

Proof. We prove the case where the line lies inside a regular corner triangle, 
the meeting of champions case is similar. To compute &eglZ p \i 0 , compare the 
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G-clusters Oz and Oz' corresponding to the toric strata defined by the triangles 
t and t' that intersect along the line. One of these triangles is down , say r, so 
U T = C 3 has coordinates listed in (9.4). It follows that the subscheme Z cC 3 
corresponding to (A, p, v) = (0, 0,0) in XJ T has defining ideal 

/ = ( x d ~ i+1 , y e ~ j+1 , z f ~ k+1 , y b+i z\ x a+j z j ,x k y c+k , xyz). 

The set T of monomials in <C[x, y, z]\/ forms a basis offf°(iT, Oz) so by §2.3, the 
generator of 7Z P over U T is the (unique) monomial in T lying in the p-character 
space. To compute the set T' of monomials in the complement of the ideal I' 
defining Z' C C 3 , we assume rflr' is cut out by x d ~ l : y b+l z l . Then t' is up 
and U T > = C 3 has coordinates 


4 = **-'/v 


—i / b-\-i i 


— i/ e_J + 1 /z d ~ 1 x a+ ^~ 1 


v = y 


C = z f ~ k+1 /x k ~ 1 y c+k ~ 1 , 


hence T = {x d ~\y e - J+1 ,z f ~ k+1 ,y b+i+ 1 z i+ 1 ,x a+j z j ,x k y c+k ,xyz). Let 7 de¬ 
note the set obtained from T by removing the monomials divisible by x d ~ l . 
This coincides with the set obtained from T' by removing the monomials di¬ 
visible by y b+l z l . We have deg7Z p \f, 0 = 0 whenever 7 contains a monomial in 
the p-character space. The bijection T \ 7 —> P' \ 7 defined by m 1 —► A • m = 
(y b+t z l /x d ~ l )-m determines the transition function of 1Z P from U T to U T >, hence 
deg7?.p |^ 0 = 1 for p G T \ 7 . This proves the result when the line r (1 r' is cut 
out by x d ~ l : y b+t z l , the cases where r H r' is cut out by y e ~i : z^x a+:i and 
zf~ k :x k y c+k are similar. □ 


Remark 9.8. Corollary 6.3 asserts that Proposition 9.7 is a necessary condition 
for to to determine a wall of type I. 

Lemma 9.9. For every compact invariant irreducible surface D there exists a 
character a of G such that Tl a \e, 0 is trivial and 1Z a \D is nontrivial. 

Proof. We prove the case where I? is a del Pezzo surface of degree 6 , the other 
cases are similar. Write 7 Zi, 7 Zj, Rk, 7 Zi, 7 Z m . for the tautological bundles 
satisfying 'Ri®TZ m = 1Z, ZPj ® R-k from Theorem 6.1 of [CraOO]. If 71,, 71j, 7 Zk 
are all nontrivial on to then they have degree 1 on to by the previous proposition. 
We deduce from the above relation that either TZi or 7Z rn has degree at least 2 
on to- This contradicts the previous proposition, hence at least one of 7 Zi, 7 Zj, 
TZk is trivial on to- □ 


For the curve to as above, let do G 0 be such that 0 o (p) = 0 if 7Z p \e 0 is 
nontrivial, and 9o{p) > 0 if 7Z p \e 0 is trivial and p ^ po- Then do € 0+ C C and 
deg Lc{Oo)\e 0 = 0 . 

Lemma 9.10. The parameter d 0 satisfies the following: 

• for every exceptional curve t we have do(ipc(@e)) > 0 . 

• for every compact irreducible divisor D and for every character p marking 
D we have 9o{<pc{1Zp 1 |d)) = 9 0 (p) > 0. 


34 



• for every compact divisor D' (parametrising a rigid quotient) we have 
d 0 (ipc{tOD')) < 0. 

Proof. Since 9q G C, it is enough to show 9o(‘Pc(^d')) < 0 for every compact 
divisor D' parametrising a rigid quotient Q. Corollary 5.6 gives Q = #c(wd')[ 2], 
so it is enough to show 0 O ([Q]) < 0 or, equivalently, J2 p ^q &o(p) > 0. We already 
have Y1 p £q 0o(/o) > 0 because po G Q and 9 0 G @ + . By the above lemma, there 
exists a such that 1Z<j\e 0 is trivial and TZu\d' is nontrivial, hence a Q. The 
definition of 9o then gives J2 p ^q $o (p) > 0 as required. □ 

Lemma 9.11. There exists p G C satisfying Lc(rj) = Lc{9q) such that 

• for every exceptional curve £ we have p(ipc{Of)) > 0. 

• for every compact irreducible divisor D and for every character p marking 
D we have p(ip c (1lp 1 |d)) = v(p) > °- 

• for every compact divisor D' (parametrising a rigid quotient) we have 
V (^c(wd')) < 0 . 

Proof. Let e > 0 be sufficiently small. Since the sheaves Od defined by compact 
irreducible divisors D form a basis of F 2 /F 1 = (F 2 ) w , it is possible to choose rj 
such that Lc{rf) = Lc{9o) and p{ipci^D)) = 0 o(v , c(C , d)) +e for every compact 
irreducible surface D. In other words, we perturb 9q in the fibre direction of the 
map F 1 —> F l / F 2 . Then we have 

v(vc(n; 1 \ D )) = 9 0 (<p c (K; 1 \ D )) + e > o 
p(tpc{uD>)) = 9 0 {vc{ud'))+ n-e < 0 , 

where n is the number of irreducible components of D'. The inequalities in the 
statement of the lemma hold so p £ C. □ 

The parameter p G C of Lemma 9.11 satisfies p(<pc(Oe 0 )) = degLc , ( ? ?)ko = 
0, but lies strictly off the walls of type 0. We now construct a parameter that 
also lies off the walls of type I and HI defined by curves £ ^ £q. Indeed, consider 
a nef line bundle L such that the degree of L is zero on £q and positive on the 
other curves. There exists £ G 0 (which need not be in C) such that Lc(£) — L. 
Choose a sufficiently large t G Q to ensure that the parameter 9 := £ + tp lies 
in C but does not lie on walls defined by rigid subsheaves or quotients. Since 
Lc{0 has positive degree on all curves £ £ 0 , we have 

9{fPc{Oe)) = deg L c (9)\e > degL c (p)\e = p(ip c (Oc)) > 0, 

so 9 lies strictly off walls defined by curves £ ^ £$. Moreover, 

0(vc{O lo )) =deg L c (9)\ to = degi |^ 0 + t ■ degL c (p)\t 0 = t ■ p((p c (O io )) = 0 , 

so 9 lies on the wall of type I determined by £q. In particular, 9 lies in C and 
satisfies all of the strict inequalities defining C except 9(<pc(Oe „)) > 0. This 
proves the main result of this section: 
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Theorem 9.12. The flop of any single torus-invariant curve £q in G-Hilb is 
achieved by crossing a wall of the chamber C. 

It is often possible to realise a pair of flops from G -Hilb by consecutive wall 
crossings, though we do not know if this is true for any finite Abelian subgroup 
of SL(3,C). However, the next example illustrates a sequence of three classical 
flops from G'-Hilb that cannot be realised with only three wall crossings. 

Example 9.13. Consider the action of G = Z/6 x Z/2 with generators the di¬ 
agonal matrices = diag(£,£,£ 4 ) and g(o,i) = diag(—1,1, — 1), where £ is 
a primitive 6 th root of unity. The quotient C 3 /G is the singularity of type 
i(l,l,4)©i(l,0,l). The fan defining G-Hilb is shown in Figure 1. 



Figure 1: The fan E of G-Hilb for G = |(1,1,4) © |(1, 0,1) 

The toric strata labelled £, t \, £2 in Figure 1 determine torus-invariant curves 
in G-Hilb. Reid’s recipe marks the lines from e,; to |(1,1,1) with P(2,o)i so the 
exceptional P 2 (the toric stratum of the ray through A(1,1,1)) is marked with 
/°(2,o) ® P(2,o) = P{ 4,o)- Set a = P(4,o)- The line bundle lZ a is generated by y 4 at 
one torus-invariant point of £ and by z 4 at the other. Since i is cut out by the 
ratio y 2 :z 2 , we have deg(Jl a \f) = 2. Similarly, deg(7^ (J |^ 1 ) = deg(7?. cr \e 2 ) = 0. 

Let Y' be the crepant resolution obtained by flopping G-Hilb along £\ then 
£2, and let £' C Y' denote the proper transform of t. The flops of both £\ and 
£ 2 are achieved by crossing a wall of the corresponding chamber and hence the 
tautological bundles 7 Z' p on the moduli space Y' are the proper transforms of 
those on G-Hilb. The generators of lZ' a at the torus-invariant points of f are y 4 
and z 4 so, as above, we have deg(7?4|^) = 2. It follows from Corollary 6.3 that 
the (—1, — l)-curve £' induces a flop but it does not determine a wall of type I, 
i.e., the inequality 0(ipc'{Oe')) > 0 is redundant. 

Remark 9.14. Proposition 9.7 also holds if £0 is a torus-invariant (0, —2)-curve. 
As a result, the proof of Theorem 9.12 establishes that every birational con¬ 
traction of type IH from G-Hilb can be achieved by passing into a wall of the 
chamber G. 
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10 Representations of the McKay quiver 

In this section, we prove technical lemmas required in §3. Following Sardo 
Infirri [SI96], we regard points of A4c as representations of the McKay quiver 
rather than as G-constellations. We are mainly concerned with representations 
defined by points in two-dimensional torus-orbits. 


10.1 The universal representation 

Recall the construction of the moduli space from §2.1. Assume n = 3 and 
G C SL(V) is Abelian. Decompose V* = p\ © p 2 © P 3 as a representation of G. 
An element B G Homqc] (R. V <g> R) decomposes as 

B = ®peIrr(G)(^,^2> & 3) = 


where b p : R p —+ R PPi is a linear map. The commutativity condition B A B = 0 
becomes b PPi b p = b PP3 b p for every 1 < i, j < 3 and p G Irr(G). These are the 
defining equations of J\ C Hom C [ G ] (. R , V <8 R). 

We regard (b p ) as a representation of the McKay quiver. This by definition 
is the quiver with vertex set Irr(G) and arrows a p from p to ppi, one for each 
i = 1,2,3 and p G Irr(G). Since dim 1Z P = 1, regard each b p as a complex number 
and define a map that sends the arrow a p to b p G C. This is a representation 
of the McKay quiver with dimension vector (1,..., 1) (see [SI96]). In this way, 
Me is the moduli space of equivalence classes of 0-stable representations of the 
McKay quiver with dimension vector (1,..., 1) satisfying the commutativity 
relations. 

The tautological bundle 1Z on Me determines the universal representation 
of the McKay quiver which we write as ( u p ), where u p : 1Z P —> R PPi a homo¬ 
morphism of line bundles. Let x, y , 2 be the coordinates on V = C 3 lying in 
Pi,P 2 ,P 3 C V* respectively. Then xyz is G-invariant and we regard it as a 
function on Me- 


Lemma 10.1. For any p G Irr(G), u^ plf>2 U 2 Pl u p : 1Z P —> 1Z P is multiplication 
by xyz. 

Proof. This follows from the definition of the morphism Me —» X = C 3 /G 
given in Proposition 2.2. □ 


Let T denote the big torus of the toric variety Me- Consider an affine 
open set U T corresponding to a cone r. Since Ale is a crepant resolution, we 
have coordinates (;i , £ 2, £3 on U T such that ^i^2?3 = xyz. Recall that a two 
dimensional T-orbit of U T is precisely the locus (£,: = 0), for some i = 1,2,3. 
This gives the following result: 

Corollary 10.2. On a two-dimensional T-orbit, exactly one of u p , , u^ pif>2 
is zero. Similarly, exactly one of u p , u^ pl ,U 2 P1P3 is zero. Moreover, the zero has 
multiplicity one along the orbit. 
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10.2 The McKay quiver embedded in a torus 

It is convenient to consider the universal cover of the McKay quiver. (It is 
not actually a simply connected graph, but it does enable one to “unwrap” the 
McKay quiver across the whole plane just like the universal cover of the two- 
torus.) We now consider the character group G* rather than the set Irr(G). By 
taking pi,p 2 , Pz as generators of G* we have an exact sequence 

0 -> M Z 3 -» G* -» 0. (10.1) 

Since G C SL(V), M contains (1,1,1). If we put M' = M/Z(l,l,l) and 
H = Z 3 /Z(1,1,1) then we have an exact sequence 

0 —> M' H -> G* -> 0. 

Denote by /i,/2,/3 € H the images of (1,0,0), (0,1,0), (0,0,1) G M respec¬ 
tively. 

Definition 10.3. The universal cover of the McKay quiver is the quiver with 
vertex set H and arrows from h G H to h + fa for i = 1, 2, 3. 

Alternatively, the universal cover may be regarded as follows. Identify Z 3 
with the lattice of Laurent monomials in x, y, z, so M is the sublattice of G- 
invariant Laurent monomials. Then H becomes the lattice of Laurent mono¬ 
mials in x,y,z modulo xyz and arrows correspond to ‘multiply by x,y or z’. 
In the G -Hilb case it is convenient to choose monomials in C [x,y,z]/xyz (see 
[Rei97, §7] for a picture), but in general we do not make this choice. 

The McKay quiver is the quotient of this universal cover by the action of 
M'. By embedding the universal cover into Hr = H ® E, the McKay quiver 
becomes embedded in the two dimensional real torus Hr/M' . 

Let F be a G-constellation and write B = (b p ) for the corresponding repre¬ 
sentation. Define a graph T p whose vertex set is G* and whose edges are a/ with 
b p 7^ 0, forgetting the orientation. This graph can be embedded into Hr/M': 
the edge corresponding to a/ is the image of the line segment connecting a lift 
p G Hr and p + /) (any lift will do since we work modulo M'). 

The commutativity condition ensures that if a p and a PPl are edges of T^, then 
so are a p and a PPj for p G G* and i ^ j. Let C(p\i,j ) denote the cycle formed 
by arrows a/, a ppt , (af Pj ) -1 and (a p ) that occur in any single commutativity 
equation. This is the image under Hr —> Hr/M' of a parallelogram (or a 
diamond) in Hr. We denote by D{p\i,j) C Hr/M' the image of the closed 
domain surrounded by a diamond mapped to C(p;i,j). Let Cycle(F) denote 
the set of such cycles in T^ satisfying i < j. Assume F is not on the big torus 
T of Me- In this case, if C(p;i,j) G Cycle(F) then the diagonal a£ p,P3 of the 
diamond is not contained in T p, where {i,j, k} = {1, 2,3}. 

Example 10.4. For the cyclic quotient singularity of type |(1,2,3), the fan E 
defining G-Hilb = Xy, is shown in Craw [CraOl, Figure 5.6(a)]. Consider a 
point F on the two-dimensional torus orbit lying in the unique compact toric 
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surface in G-Hilb. The covering of Hg by lifts of the graph T p C Hr/M' is 
shown in Figure 2: the vertices corresponding to the trivial representation are 
marked with circles; the arrows /i are drawn horizontally, the /2 are vertical 
and the fs point down and to the left. Only the arrows a p for which b p ^ 0 are 
illustrated. 



Figure 2: Lifts of diamonds to Hr 


Lemma 10.5. Assume F corresponds to a point on a two-dimensional T-orbit 
in Me- Then 

Hr/M' = |J D(p;i,j), 

C(p ;*d)eCycle(F) 

where the domains intersect only along their common boundaries. 

Proof. Let P be a point in Hr/M'. Since every representation occurs in F. P is 
contained in a closed domain surrounded by a triangle formed by a p , of/'" , a^ pif>2 
or a p ,a^ pl ,a 2 Plp3 for some p. Assume the former case, the latter is similar. 
Corollary 10.2 asserts that exactly one of b p ,b 2 Pl ,b^ plf>2 is 0. Assume the last 
one is zero. Then the commutativity condition = a pp2 a 2 implies that 

C(p ; 1, 2) € Cycle(F). We have P G D(p ; 1, 2) and therefore P is contained in 
the right hand side. The other cases are similar. □ 

10.3 Rigidity result 

A G-sheaf E is said to be simple if dim G-Homo c3 {E, E) = 1. 

Proposition 10.6. Assume F corresponds to a point on a two-dimensional 
T-orbit in A4c- Take a G-subsheaf S of F with quotient Q. 

(i) If both S and Q are simple then dim G-Exto c3 ( Q,S ) < 2. 

(ii) If in addition dim G-Ext^ c3 (Q, S) = 1, then either S or Q is a rigid G- 
sheaf. 
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Proof. Let Tg be a subgraph of IV whose vertex set consists of representations 
in S and whose edges are those of IV that join two vertices in Tg. We define Fq 
similarly. The assumption that S and Q are simple implies that both Tg and Fq 
are connected. Since S' is a subsheaf, if a? is an edge of that lies in neither T s 
nor r Q , then a/ is an arrow from a vertex in Tq to one in Tg. Denote by Fill(S) 
the union of Fs with diamonds D(p;i,j) such that C(p;i,j) G Cycle(F) is 
contained in r,g. Similarly, Fill(<5) denotes the domain determined by Fq. Let 
Band(Q, S) be the complement of Fill(S) U Fill(Q). Lennna 10.5 implies that if 
Band(Q, S) fl D(p ; i,j) is nonempty then it is the diamond D{p ; i,j) with two 
edges removed. Moreover, if the removed edges are not parallel then they must 
be adjacent edges whose orientations (as arrows) are different. The remaining 
edges of D(p ; i,j) intersected with Band(Q, S) join this set to an adjacent pair 
of such diamonds and hence form a connected component of Band(Q, S) that is 
homeomorphic to S 1 x (0,1). 

Now consider G-Ext^ (Q, S). Fix representations 

Bn : R\ —> V ® i?i and B 22 ■ R 2 —* V <S> R 2 


that give rise to the G-sheaves S and Q respectively, for R = Ri ® R 2 . An 
extension class in G-Ext^ (Q, S) is given by a map B: » V(g)[i?i®i?2] 

(up to automorphisms) satisfying the commutativity condition, such that the 


is the zero map. Thus 


G-Ext^ (Q,S) = 


B 12 ■ R 2 —> V (8 R\ 


B A B = 0 for B = 


1 : Ri 

->V< 8 >R 2 

(Bn 

Ml 

V 0 

B22) / 


{B 22 A - AB n | A € G-HomcOfo, Ri) } 


In our case, the denominator is zero so we consider the numerator. Each 
B\2 is determined by the values of arrows dividing Band(Q, S) into diamonds. 
The commutativity condition for cycles C(p;i,j) G Cycle(F) contained in 
Band(Q, S) implies that the value of such an arrow is determined by any of the 
two adjacent ones (together with Bn and B 2 2)- Therefore, dim G-Ext^ (Q, S) 
is the number of connected components of Band(Q, S), which we denote by n. 
Since the complement of Band(Q, S) in the torus Hr/M' has exactly two con¬ 
nected components Fill(S) and Fill(Q), we obtain n < 2. Thus we obtain the 
first assertion. 

Assume n = 1 so that Band(Q, S) = S 1 x (0,1) is connected. Then either 
Fill(S') or Fill(<5) must be simply connected. We show if Fill(S) is simply 
connected, then S is rigid, the other case is similar. The condition BhABu = 0 
implies that the values of deformations of Bn at arrows not in Ts must be zero. 
Hence it is enough to show that up to the action of PAutqc] (Ri), we can assume 
b/ = 1 if a/ C Tg. Fix <7o C Ri and take an arbitrary a C Ri- Since F# is 
connected, we can take a sequence of arrows 


7 = { al 1 , a? 
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such that is an arrow of the McKay quiver supported by Fg, £j = ±1 
determines the direction of arrows and such that 7 gives a connected path from 
(To to < 7 . Put 

fc=1 

where (3k = bf is the value of Bn at the arrow a*, = a/. Since Fill(5') is simply 
connected, the first homology of Tg is generated by cycles C(p;i,j) contained 
in Fg. Then the commutativity condition shows that X a is independent of the 
choice of path 7. Put A = (A cr ) (TC i { 1 € Autq G j(i?i). Then, A • Bn has the 
desired property. □ 

Example 10.7. Consider once again Example 10.4 and Figure 2. The quotient 
Q = Po + Pi is rigid and Band(Q, S) is connected. On the other hand, the 
quotient Q = po + pi + ps is not rigid and Band(Q, S) has two connected 
components. We leave the details to the reader. 
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